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The model problem

Ω � Rn, n P t2, 3u, bounded domain with polyhedral boundary Γ.

�div
�
ν∇u

�
� Du � F |u|ρ�2 u � ∇p � fpϕq in Ω ,

divpuq � f in Ω ,

�κ∆ϕ � u �∇ϕ � η ϕ � g in Ω ,

u � uD and ϕ � ϕD on Γ ,
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The model problem

�div
�
ν∇u

�
� Du � F |u|ρ�2 u � ∇p � fpϕq in Ω ,

divpuq � f in Ω ,

�κ∆ϕ � u �∇ϕ � η ϕ � g in Ω ,

u � uD and ϕ � ϕD on Γ ,

Data assumptions

ν ¡ 0, D ¡ 0, F ¡ 0, ρ P r3, 4s, κ ¡ 0 and η ¡ 0.

ν0 ¤ νpxq ¤ ν1 , D0 ¤ Dpxq ¤ D1 , and F0 ¤ Fpxq ¤ F1 ,

fpϕq :� �pϕ� ϕrq g

3



Figure 1: A completo mojado can be regarded as a highly porous

medium: the sauce constitutes the fluid phase, while its dissolved

ingredients serve as solutes.
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Compatibility condition»
Γ
uD � n �

»
Ω
f .

Uniqueness of the pressure

p P L2
0pΩq :�

"
q P L2pΩq :

»
Ω
q � 0

*
.
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What do we want to do?

BF�CDR

Mixed-primal formulation Fully-mixed formulation

What are the advantages and disadvantages of each formulation?
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The mixed-primal approach

Introducing the pseudostress tensor σ:

σ :� ν∇u � p I in Ω .

ùñ p � �
1

n
trpσq �

ν

n
f and

1

ν
σd � ∇u�

1

n
f I.

Find u, σ and ϕ such that:

�div
�
σq � Du � F |u|ρ�2 u � fpϕq in Ω

1

ν
σd � ∇u �

1

n
f I in Ω

�κ∆ϕ � u �∇ϕ � η ϕ � g in Ω

u � uD, ϕ � ϕD on Γ»
Ω

!
trpσq � ν f

)
� 0.
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Weak formulation

Multiplying by a vector field v and a tensor field τ in the BF equa-

tions, and integrating by parts in the constitutive equation:»
Ω
v � div

�
σ
�
�

»
Ω
Du � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v.»

Ω

1

ν
σd : τ d �

»
Ω
u � divpτ q � ⟨τ n,uD⟩�

1

n

»
Ω
f trpτ q.

Bounding the Forchheimer term:����»
Ω
F |z|ρ�2 u � v

���� ¤ F1

"»
Ω
|z|ℓpρ�2q |u|ℓ

*1{ℓ

}v}0,j ; Ω

¤ F1 }z}
ρ�2
0,ℓpρ�1q; Ω }u}0,ℓpρ�1q; Ω }v}0,j ; Ω,

j , ℓ P p1,�8q, 1{j � 1{ℓ � 1

8



����»
Ω
F |z|ρ�2 u � v

���� ¤ F1 }z}
ρ�2
0,ℓpρ�1q; Ω }u}0,ℓpρ�1q; Ω }v}0,j ; Ω

Suppose ℓpρ� 1q � j . Then j � ρ,����»
Ω
F |z|ρ�2 u � v

���� ¤ F1 }z}
ρ�2
0,ρ; Ω }u}0,ρ; Ω }v}0,ρ; Ω

We require:

u, v, z P LρpΩq.
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So far . . .

Find u P LρpΩq such that

»
Ω
v � div

�
σ
�
�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v @ v P LρpΩq»

Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
f trpτ q.

σ, τ P Hpdivℓ; Ωq

Find u P LρpΩq and σ P Hpdivℓ; Ωq such that

»
Ω
v � div

�
σ
�
�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v @ v P LρpΩq,»

Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
f trpτ q @ τ P Hpdivℓ; Ωq.
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Bounding RHS: (recall fpϕq � �pϕ� ϕrq g)����»
Ω
fpϕq � v

���� ¤ }ϕ� ϕr}0, 2ρ
pρ�2q

; Ω }g}0,Ω }v}0,ρ; Ω

¤
�
}ϕ}0,s; Ω � }ϕr}0,s; Ω

�
}g}0,Ω }v}0,ρ; Ω,

where s :� 2ρ{pρ� 2q P r4, 6s.

����»
Ω
fpϕq � v

���� ¤ �
}is} }ϕ}1,Ω � }ϕr}0,s; Ω

�
}g}0,Ω }v}0,ρ; Ω

Here, is : H
1pΩq ãÑ LspΩq.

ϕ P H1pΩq
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So far . . .

Find u P LρpΩq, σ P Hpdivℓ; Ωq and ϕ P H1pΩq such that

»
Ω
v � div

�
σ
�
�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v @ v P LρpΩq,»

Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
f trpτ q @ τ P Hpdivℓ; Ωq,

with data ϕr P LspΩq, uD P H1{2pΓq and f P L2pΩq.
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Restrict to H0pdivℓ; Ωq

Recall that. . .

1. H0pdivℓ; Ωq :�
!
τ P Hpdivℓ; Ωq :

³
Ω trpτ q � 0

)
,

2. Hpdivℓ; Ωq � H0pdivℓ; Ωq ` R I.

Our unknown σ P Hpdivℓ; Ωq can be decomposed as σ � σ0�dσ I.

Uniqueness condition for the pressure says
³
Ωptrpσq�ν f q � 0, then

dσ �
1

n |Ω|

»
Ω
trpσq �

1

n |Ω|

»
Ω
ν f .

We can seek σ0 instead of σ!

Notation: σ Ð σ0
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Restrict to H0pdivℓ; Ωq

Moreover . . .»
Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
f trpτ q @ τ P Hpdivℓ; Ωq

ðñ»
Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
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So far . . .
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What about the convection-diffusion-reaction equation?

CDR: �κ∆ϕ � u �∇ϕ � η ϕ � g in Ω.

Introduce λ :� �κ∇ϕ � n P H�1{2pΓq, test against ψ P H1pΩq,
integrate by parts:

κ

»
Ω
∇ϕ �∇ψ �

»
Ω
pu �∇ϕqψ � η

»
Ω
ϕψ � xλ, ψyΓ �

»
Ω
g ψ @ψ P H1pΩq,

with the datum g P L2pΩq.

Dirichlet condition is imposed weakly via

xξ, ϕyΓ � xξ, ϕDyΓ @ ξ P H�1{2pΓq.
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BF coupled with CDR — Mixed-primal formulation

Find u P LρpΩq, σ P H0pdivℓ; Ωq, ϕ P H1pΩq and λ P H�1{2pΓq
such that

»
Ω
v � div

�
σ
�
�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v @ v P LρpΩq,

»
Ω

1

ν
σd : τd �

»
Ω
u � divpτ q � ⟨τ n, uD⟩�

1

n

»
Ω
f trpτ q @ τ P H0pdivℓ; Ωq,

κ

»
Ω
∇ϕ �∇ψ �

»
Ω
pu �∇ϕqψ � η

»
Ω
ϕψ � xλ, ψyΓ �

»
Ω
g ψ @ψ P H1pΩq,

xξ, ϕyΓ � xξ, ϕDyΓ @ ξ P H�1{2pΓq.
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BF coupled with CDR — Mixed-primal formulation

Find pσ,u, ϕ, λq P H0pdivℓ; Ωq � LρpΩq � H1pΩq � H�1{2pΓq such
that
»
Ω

1

ν
σ

d : τd
�

»
Ω
u � divpτq � ⟨τ n, uD⟩ �

1

n

»
Ω
f trpτq,

»
Ω
v � div

�
σ
�

�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v,

κ

»
Ω
∇ϕ � ∇ψ �

»
Ω
pu � ∇ϕqψ � η

»
Ω
ϕψ �xλ, ψyΓ �

»
Ω
g ψ,

xξ, ϕyΓ � xξ, ϕDyΓ,

@ pτ , v, ψ, ξq P H0pdivℓ; Ωq � LρpΩq �H1pΩq �H�1{2pΓq.
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BF coupled with CDR — Mixed-primal formulation

Find pσ,u, ϕ, λq P H0pdivℓ; Ωq � LρpΩq � H1pΩq � H�1{2pΓq such
that
»
Ω

1

ν
σ

d : τd
�

»
Ω
u � divpτq � ⟨τ n, uD⟩ �

1

n

»
Ω
f trpτq,

»
Ω
v � div

�
σ
�

�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � vloooooooooomoooooooooon
nonlinear

� �

»
Ω
fpϕq � v,

κ

»
Ω
∇ϕ � ∇ψ �

»
Ω
pu � ∇ϕqψloooooooomoooooooon
nonlinear

�η

»
Ω
ϕψ �xλ, ψyΓ �

»
Ω
g ψ,

xξ, ϕyΓ � xξ, ϕDyΓ,

@ pτ , v, ψ, ξq P H0pdivℓ; Ωq � LρpΩq �H1pΩq �H�1{2pΓq.

19



Some definitions

H :� H0pdivℓ; Ωq and Q :� LρpΩq. For each pz, φq P Q�H1pΩq:

a : H�H Ñ R, b : H�Q Ñ R, cz : Q�Q Ñ R, F : H Ñ R and Gφ : Q Ñ R,

apχ, τ q :�

»
Ω

1

ν
χd : τd, bpτ , vq :�

»
Ω
v � divpτ q,

czpw, vq :�

»
Ω
Dw � v �

»
Ω
F |z|ρ�2w � v,

Fpτ q :� ⟨τ n, uD⟩�
1

n

»
Ω
f trpτ q, Gφpvq :� �

»
Ω
fpφq � v,

az : H1pΩq �H1pΩq Ñ R, b : H1pΩq �H�1{2pΓq Ñ R, F : H1pΩq Ñ R and

G : H�1{2pΓq Ñ R,

azpζ, ψq :� κ

»
Ω
∇ζ �∇ψ �

»
Ω
pz �∇ζqψ � η

»
Ω
ζ ψ,

bpψ, ξq :� xξ, ψyΓ, Fpψq :�

»
Ω
g ψ and Gpξq :� xξ, ϕDyΓ.
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BF coupled with CDR — Mixed-primal formulation

Find pσ,uq P H�Q and pϕ, λq P H1pΩq �H�1{2pΓq such that

apσ, τ q � bpτ ,uq � Fpτ q @ τ P H ,

bpσ, vq � cupu, vq � Gϕpvq @ v P Q ,

aupϕ, ψq � bpψ, λq � Fpψq @ψ P H1pΩq ,

bpϕ, ξq � Gpξq @ ξ P H�1{2pΓq ,

21



A fixed-point strategy

Uncoupled BF

S : Q�H1pΩq Ñ Q such that Spz, φq :� u where pσ,uq P H�Q
denotes the unique solution of

apσ, τ q � bpτ ,uq � Fpτ q @ τ P H ,

bpσ, vq � czpu, vq � Gφpvq @ v P Q .

Uncoupled CDRrS : QÑ H1pΩq such that rSpzq :� ϕ, where

pϕ, λq P H1pΩq �H�1{2pΓq is the unique solution of

azpϕ, ψq � bpψ, λq � Fpψq @ψ P H1pΩq ,

bpϕ, ξq � Gpξq @ ξ P H�1{2pΓq,
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Global fixed-point operator

T : QÑ Q defined by

Tpzq :� Spz, rSpzqq @ z P Q.
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Well-posedness of BF

We shall use the next result:

Theorem1

Let H and Q be reflexive Banach spaces, and let a : H � H Ñ R,

b : H � Q Ñ R, and c : Q � Q Ñ R be given bounded bilinear forms.

Let V be the kernel of H Q τ ÞÑ bpτ, �q P Q 1. Assume that

1. a and c are symmetric and positive semi-definite.

2. Dα ¡ 0 such that sup
0�τPV

apϑ, τq

}τ}H
¥ α }ϑ}H @ϑ P V .

3. Dβ ¡ 0 such that sup
0�τPH

bpτ, vq

}τ}H
¥ β }v}Q @ v P Q.

1
Theorem 3.4. C.I. Correa and G.N. Gatica, On the continuous and discrete well-posedness of perturbed

saddle-point formulations in Banach spaces. Comput. Math. Appl. 117 (2022), 14–23.
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Then, for each pf , gq P H 1 � Q 1, there exists a unique pσ, uq P H � Q

solution to
apσ, τq � bpτ, uq � f pτq @ τ P H,

bpσ, vq � cpu, vq � gpvq @ v P Q.

Moreover, there exists a positive constant C , depending only on }a}, }c},

α, and β, such that

}pσ, uq}H�Q ¤ C
�
}f }H1 � }g}Q1

�
.
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Well-posedness of BF

Theorem: Well-posedness of BF (well-definedness of S)

Let δ ¡ 0. Given pz, φq P Q�H1pΩq such that }z}0,ρ; Ω ¤ δ, the

uncoupled problem BF has a unique solution pσ,uq P H�Q, and,

consequently, Spz, φq is well-defined. Moreover, there exists a

positive constant CS, depending on δ, ρ, ν0, ν1, D1, F1, β and |Ω|,

such that

}Spz, φq}0,ρ;Ω ¤ }pσ,uq}H�Q

¤ CS

!
}uD}1{2,Γ � }f }0,Ω � }g}0,Ω

�
}φ}1,Ω � }ϕr}0,s; Ω

�)
.
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Well-posedness of CDR

Theorem: Well-posedness of CDR (Well-definedness of rS)
Let δ P

�
0, 12 }is}

�1 mintκ, ηu
�
. Given z P H such that

}z}0,ρ; Ω ¤ δ, the uncoupled problem CDR has a unique solution

pϕ, λq P H1pΩq �H�1{2pΓq, and, consequently, rSpzq is well-defined.
Furthermore, there exists a positive constant CrS, depending only

on κ, η and |Ω|, such that

}rSpzq}1,Ω ¤ }pϕ, λq}H1pΩq�H�1{2pΓq ¤ CrS
!
}g}0,Ω � }ϕD}1{2,Γ

)
.
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Why the restriction on δ?

If δ P
�
0, 12 }is}

�1 mintκ, ηu
�
,

azpψ,ψq � κ }∇ψ}20,Ω �
»
Ω
pz �∇ψqψ � η }ψ}20,Ω

¥ mintκ, ηu }ψ}21,Ω � }is} }z}0,ρ;Ω }ψ}
2
1,Ω

¥
1

2
mintκ, ηu }ψ}21,Ω @ψ P H1pΩq.
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We have established the well-definedness of S and rS. Consequently,
T is well-defined.

Next goal: Fixed-point equation

Find u such that

Tpuq � u.
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For each r P p0, δs, where δ :� 1
2 }is}

�1 mintκ, ηu, define the closed

and convex subset of Q

Wprq :�
!
z P Q : }z}0,ρ; Ω ¤ r

)
.

1. T maps Wprq into itself (under small data assumption).

2. S is Lipschitz in the ball.

3. rS is Lipschitz in the ball.

4. T is Lipschitz in the ball.

5. If the data is small enough ùñ T is a contraction.

Define

Cdata � }uD}1{2,Γ � }f }0,Ω � }g}0,Ω
�
}ϕr}0,s; Ω � }ϕD}1{2,Γ � }g}0,Ω

�
.
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Well-posedness of the continuous problem

Theorem

Let r P
�
0, δ

�
and assume that the data satisfy

CT Cdata ¤ r (T maps ball into itself),

LT Cdata   1 (T is a contraction).

Then, there exists a unique u PWprq such that Tpuq � u.
Equivalently, our continuous problem has a unique solution
pσ,u, ϕ, λq P H�Q�H1pΩq �H�1{2pΓq, with u PWprq.
Moreover, there exist positive constants C1 and C2, depending on
ρ, ν0, ν1, D1, F1, κ, η, β and |Ω|, such that

}pσ,uq}H�Q ¤ C1 Cdata and

}pϕ, λq}H1pΩq�H�1{2pΓq ¤ C2
!
}ϕD}1{2,Γ � }g}0,Ω

)
.
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Discrete setting

Consider a regular family of triangulations tThuh¡0 of sΩ made up of

triangles K (when n � 2) or tetrahedra K (when n � 3) of diameter

hK , and set h :� max thK : K P Thu.

Continuous Discrete

Hpdivℓ; Ωq rHσh
LρpΩq Hu

h

H1pΩq Hϕh
H�1{2pΓq Hλh

Define Hσh :� rHσh XH0pdivℓ; Ωq.
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The Galerkin scheme

Find pσh,uhq P Hσh �Hu
h and pϕh, λhq P Hϕh �Hλh such that

apσh, τ hq � bpτ h,uhq � Fpτ hq @ τ h P Hσh ,

bpσh, vhq � cuhpuh, vhq � Gϕhpvhq @ vh P Hu
h ,

auhpϕh, ψhq � bpψh, λhq � Fpψhq @ψh P Hϕh ,

bpϕh, ξhq � Gpξhq @ ξh P Hλh .
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Discrete Fixed-point strategy

Discrete uncoupled BF

Sd : Hu
h �Hϕh Ñ Hu

h such that Sdpzh, φhq :� uh, where

pσh,uhq P Hσh �Hu
h is the unique solution to

apσh, τ hq � bpτ h,uhq � Fpτ hq @ τ h P Hσh ,

bpσh, vhq � czhpuh, vhq � Gφh
pvhq @ vh P Hu

h .

Discrete uncoupled CDRrSd : Hu
h Ñ Hϕh by rSdpzhq :� ϕh, where pϕh, λhq P Hϕh �Hλh is the

unique solution to

azhpϕh, ψhq � bpψh, λhq � Fpψhq @ψh P Hϕh ,

bpϕh, ξhq � Gpξhq @ ξh P Hλh ,
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Discrete global fixed-point operator

Td : Hu
h Ñ Hu

h defined by

Tdpzhq :� Sd

�
zh, rSdpzhq

�
@ zh P Hu

h.
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Well-posedness of BFh

Hypotheses on FE spaces

(H.0) rHσh contains the multiples of the identity tensor I.

(H.1) divpHσh q � Hu
h.

(H.0) ùñ Hσh �
!
τ h �

�
1

n |Ω|

³
Ω trpτ hq

	
I : τ h P rHσh ).

Denote Vh as the kernel of Hσh Q τ h ÞÑ bpτ h, �q P pH
u
hq
1.

(H.1) ùñ Vh � V ùñ discrete inf-sup for a holds.
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It remains to prove the discrete inf-sup of b.

Another hypothesis

(H.2) There exists a positive constant βd, independent of h, such

that

sup
0�τ hPHσh

bpτ h, vhq

}τ h}divℓ; Ω
¥ βd }vh}0,ρ; Ω @ vh P Hu

h.
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It remains to prove the discrete inf-sup of b.

Another hypothesis

(H.2) There exists a positive constant βd, independent of h, such

that

sup
0�τ hPHσh

bpτ h, vhq

}τ h}divℓ; Ω
¥ βd }vh}0,ρ; Ω @ vh P Hu

h.
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Well-posedness of BFh

Theorem

Let δd ¡ 0. Assume that (H.0), (H.1) and (H.2) hold. Given

pzh, φhq P Hu
h �Hϕh such that }zh}0,ρ; Ω ¤ δd, BFh has a unique

solution pσh,uhq P Hσh �Hu
h. Consequently, Sdpzh, φhq is

well-defined, and there exists a positive constant CSd , depending

only on δd, ρ, ν0, ν1, D1, F1, βd and |Ω|, such that

}Sdpzh, ψhq}0,ρ;Ω ¤ }pσh,uhq}H�Q

¤ CSd

!
}uD}1{2,Γ � }f }0,Ω � }g}0,Ω

�
}φh}1,Ω � }ϕr}0,s; Ω

�)
.
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Well-posedness of CDRh

Hypothesis

(H.3) There exists a positive constant rβd, independent of h, such
that

sup
0�ψhPH

ϕ
h

bpψh, ξhq

}ψh}1,Ω
¥ rβd }ξh}�1{2,Γ @ ξh P Hλh .
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Well-posedness of CDRh

Theorem

Let δd P
�
0, 12 }is}

�1 mintκ, ηu
�
and assume that (H.3) holds.

Given zh P Hu
h such that }zh}0,ρ; Ω ¤ δd, CDRh has a unique

solution pϕh, λhq P Hϕh �Hλh , and, consequently,
rSdpϕh, λhq is

well-defined. Furthermore, there exists a positive constant CrSd ,
depending only on κ, η, rβd and |Ω|, such that

}rSdpzhq}H1pΩq�H�1{2pΓq ¤ CrSd
!
}g}0,Ω � }ϕD}1{2,Γ

)
.
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As in the continuous case, our main goal is to prove that there exists

a unique solution to Tdpuhq � uh.

Let us introduce the discrete ball, depending on a parameter r P�
0, δd

�
, where δd :�

1
2 }is}

�1 mintκ, ηu, as

Whprq :�
!
zh P Hu

h : }zh}0,ρ; Ω ¤ r
)
.
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1. Td maps Whprq into itself (under small data assumption).

2. Sd is Lipschitz in the ball.

3. rSd is Lipschitz in the ball.

4. Td is Lipschitz in the ball.

5. If the data is small enough ùñ Td is a contraction.

Recall that

Cdata � }uD}1{2,Γ � }f }0,Ω � }g}0,Ω
�
}ϕr}0,s; Ω � }ϕD}1{2,Γ � }g}0,Ω

�
.
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Well-posedness of the Galerkin scheme

Theorem

Let r P
�
0, δd

�
and assume that hypotheses (H.0) through (H.3)

are satisfied. Furthermore, suppose that the data satisfy

CTd Cdata ¤ r and LTd Cdata   1.

Then, D!uh PWhprq : Tdpuhq � uh. Equivalently, the Galerkin

scheme has a unique solution

pσh,uh, ϕh, λhq P Hσh �Hu
h �Hϕh �Hλh , with uh PWhprq.

Moreover, there exist positive constants C1,d and C2,d, depending
only on ρ, ν0, ν1, D1, F1, κ, η, βd and |Ω|, such that

}pσh,uhq}H�Q ¤ C1,d Cdata and

}pϕh, λhq}H1pΩq�H�1{2pΓq ¤ C2,d
!
}ϕD}1{2,Γ � }g}0,Ω

)
.

43



A priori error analysis

Under the previous assumptions and supposing that

}uD}1{2,Γ � }f }0,Ω � }ϕD}1{2,Γ � }g}0,Ω � }ϕr}0,s; Ω

is small enough, there exists a positive constant CST,MP, independent
of h, such that

}pσ,uq � pσh,uhq}H�Q � }pϕ, λq � pϕh, λhq}H1pΩq�H�1{2pΓq

¤ CST,MP
!
dist

�
pσ,uq,Hσh �Hu

h

�
� dist

�
pϕ, λq,Hϕh �Hλh

�)
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Specific finite element subspaces

Notation

Given an integer k ¥ 0, S � Rn,

1. PkpSq the space of polynomials of total degree at most k

defined on S .

2. rPkpK q is the space of polynomials of total degree equal to k

defined on K

3. For each K P Th, RTkpK q :� PkpK q ` rPkpK q x.

Let tΓ1, Γ2, . . . , Γmu be an independent triangulation of Γ (made of

straight segments in R2, or triangles in R3) and define

rh :� max
jPt1,...,mu

|Γj |.

45



rHσh :�
!
τ h P Hpdivℓ; Ωq : τ h

��
K
P RTkpK q @K P Th

)
,

Hu
h :�

!
vh P LρpΩq : vh

��
K
P PkpK q @K P Th

)
,

Hϕh :�
!
ψh P C pΩq : ψh|K P Pk�1pK q @K P Th

)
,

Hλrh :�
!
ξrh P L2pΓq : ξrh|Γj P PkpΓjq @ j P t1, . . . ,mu

)
.
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1. (H.0) and (H.1) hold.

2. (H.2) holds2.

3. There exists a positive constant C0 such that for all h ¤ C0
rh

the discrete inf-sup for b holds, i.e. (H.3) holds3.

2
Lemma 3.3. J. Camaño, C. Muñoz, and R. Oyarzúa, Numerical analysis of a dual-mixed problem in

non-standard Banach spaces. Electron. Trans. Numer. Anal. 48 (2018), 114–130.
3
Lemma 4.10. E. Colmenares, G.N. Gatica, and R. Oyarzúa, Analysis of an augmented mixed-primal

formulation for the stationary Boussinesq problem. Numer. Methods Partial Differ. Equ. 32(2), 445-478 (2016)

47



Rates of convergence

Theorem

Suppose there exists l P p0, k � 1s such that

σ P HlpΩq XH0pdivℓ; Ωq, divpσq PWl ,ℓpΩq, u PWl ,ρpΩq,

ϕ P Hl�1pΩq and λ P H�1{2�lpΓq. Then, for all h ¤ C0
rh, there

exists a positive constant C , independent of h and rh, such that

}pσ,uq � pσh,uhq}H�Q � }pϕ, λq � pϕh, λhq}H1pΩq�H�1{2pΓq

¤ C hl
!
}σ}l ,Ω � }divpσq}l ,ℓ;Ω � }u}l ,ρ;Ω � }ϕ}l�1,Ω

)
�C rhl }λ}�1{2�l ,Γ.
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The fully-mixed approach

Recall our model problem:

�div
�
ν∇u

�
� Du � F |u|ρ�2 u � ∇p � fpϕq in Ω ,

divpuq � f in Ω ,

�κ∆ϕ � u �∇ϕ � η ϕ � g in Ω ,

u � uD and ϕ � ϕD on Γ ,
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Introduce: Pseudostress tensor σ and

Pseudodiffusion vector: ϑ :� κ∇ϕ� ϕu in Ω .

Taking divergence to the pseudodiffusion vector and using CDR

equation:

divpϑq � κ∆ϕ� u �∇ϕlooooooomooooooon
�η ϕ�g

�f ϕ � pη � f qϕ� g

ùñ divpϑq � pη � f qϕ � �g in Ω.
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Find u, σ and ϕ such that:

�div
�
σq � Du � F |u|ρ�2 u � fpϕq in Ω

1

ν
σd � ∇u �

1

n
f I in Ω

div
�
ϑ
�
� pη � f qϕ � � g in Ω ,

κ�1 ϑ � ∇ϕ � κ�1 ϕu in Ω ,

u � uD, ϕ � ϕD on Γ»
Ω

!
trpσq � ν f

)
� 0.
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Integration by parts

For t P

#
p1,�8s in R2 ,

r65 ,�8s in R3 ,
there holds

⟨ξ � n, φ⟩ �
»
Ω

!
ξ�∇φ�φdivpξq

)
@ pξ, φq P Hpdivt ; Ωq �H1pΩq

and

⟨τn, v⟩ �
»
Ω

!
τ : ∇v�v�divpτ q

)
@ pτ , vq P Hpdivt ; Ωq�H1pΩq .
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div
�
ϑ
�
� pη � f qϕ � � g in Ω ,

κ�1 ϑ � ∇ϕ � κ�1 ϕu in Ω.

Test the constitutive equation of CDR against ψ P Hpdivt ; Ωq and

integrate by parts:»
Ω
κ�1 ϑ �ψ �

»
Ω
ϕ divpψq �

»
Ω
κ�1ϕu �ψ � ⟨ψ � n, ϕD⟩

@ψ P Hpdivt ; Ωq,

Test the momentum equation of CDR against a scalar field ξ:»
Ω
ξ divpϑq �

»
Ω
pη � f qϕ ξ � �

»
Ω
g ξ.

Now ∇ϕ was eliminated!!!
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div
�
ϑ
�
� pη � f qϕ � � g in Ω ,

κ�1 ϑ � ∇ϕ � κ�1 ϕu in Ω.

Test the constitutive equation of CDR against ψ P Hpdivt ; Ωq and

integrate by parts:»
Ω
κ�1 ϑ �ψ �

»
Ω
ϕ divpψq �

»
Ω
κ�1ϕu �ψ � ⟨ψ � n, ϕD⟩

@ψ P Hpdivt ; Ωq,

Test the momentum equation of CDR against a scalar field ξ:»
Ω
ξ divpϑq �

»
Ω
pη � f qϕ ξ � �

»
Ω
g ξ.

Now ∇ϕ was eliminated!!!
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div
�
ϑ
�
� pη � f qϕ � � g in Ω ,

κ�1 ϑ � ∇ϕ � κ�1 ϕu in Ω.

Test the constitutive equation of CDR against ψ P Hpdivt ; Ωq and

integrate by parts:»
Ω
κ�1 ϑ �ψ �

»
Ω
ϕ divpψq �

»
Ω
κ�1ϕu �ψ � ⟨ψ � n, ϕD⟩

@ψ P Hpdivt ; Ωq,

Test the momentum equation of CDR against a scalar field ξ:»
Ω
ξ divpϑq �

»
Ω
pη � f qϕ ξ � �

»
Ω
g ξ.

Now ∇ϕ was eliminated!!! ùñ ϕ P LspΩq ùñ t conjugate of s
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div
�
ϑ
�
� pη � f qϕ � � g in Ω ,

κ�1 ϑ � ∇ϕ � κ�1 ϕu in Ω.

Test the constitutive equation of CDR against ψ P Hpdivt ; Ωq and

integrate by parts:»
Ω
κ�1 ϑ �ψ �

»
Ω
ϕ divpψq �

»
Ω
κ�1ϕu �ψ � ⟨ψ � n, ϕD⟩

@ψ P Hpdivt ; Ωq,

Test the momentum equation of CDR against a scalar field ξ:»
Ω
ξ divpϑq �

»
Ω
pη � f qϕ ξ � �

»
Ω
g ξ.

s � 2ρ{pρ� 2q and t � 2ρ{pρ� 2q.
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Summary:

ℓ :�
ρ

ρ� 1
P

�
4

3
,
3

2

�
, s :�

2ρ

ρ� 2
P r4, 6s

and t :�
2ρ

ρ� 2
P

�
6

5
,
4

3

�
,

Define

H :� H0pdivℓ; Ωq, Q :� LρpΩq,

X :� Hpdivt ; Ωq and Y :� LspΩq
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BF coupled with CDR — Fully-mixed formulation

Find pσ,u,ϑ, ϕq P H�Q�X�Y such that

»
Ω

1

ν
σ

d : τd
�

»
Ω
u � divpτq � ⟨τ n, uD⟩ �

1

n

»
Ω
f trpτq,

»
Ω
v � div

�
σ
�

�

»
Ω
D u � v �

»
Ω
F |u|ρ�2 u � v � �

»
Ω
fpϕq � v,

»
Ω
κ
�1
ϑ � ψ �

»
Ω
ϕ divpψq �

»
Ω
κ
�1
ϕ u � ψlooooooooooomooooooooooon

“Nonlinear”

� ⟨ψ � n, ϕD⟩

»
Ω
ξ divpϑq �

»
Ω
pη � f qϕ ξ � �

»
Ω
g ξ.

@ pτ , v,ψ, ξq P H�Q�X�Y.
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Definitions

The bilinear forms pa : X�XÑ R, pb : X�Y Ñ R,
dz : X�Y Ñ R for each z P Q, pcf : Y �Y Ñ R, and the linear
functionals pF : XÑ R and pG : Y Ñ R, are defined as

papζ,ψq :� »
Ω
κ�1 ζ � ψ, pbpψ, ξq :� »

Ω
ξ divpψq,

dzpψ, ξq :�

»
Ω
κ�1 ξ z � ψ, pcf pζ, ξq :�

»
Ω
pη � f q ζ ξ,

pFpψq :� ⟨ψ � n, ϕD⟩ , pGpξq :� �

»
Ω
g ξ.
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BF coupled with CDR — Fully-mixed formulation

Find pσ,uq P H�Q and pϑ, ϕq P X�Y such that

apσ, τ q � bpτ ,uq � Fpτ q @ τ P H ,

bpσ, vq � cupu, vq � Gϕpvq @ v P Q ,

papϑ,ψq � pbpψ, ϕq � dupψ, ϕq � pFpψq @ψ P X ,pbpϑ, ξq � pcf pϕ, ξq � pGpξq @ ξ P Y ,

59



A fixed-point strategy

Uncoupled mixed CDRpS : QÑ Y by pSpzq :� ϕ, where pϑ, ϕq P X�Y is the unique

solution to

papϑ,ψq � pbpψ, ϕq � dzpψ, ϕq � pFpψq @ψ P X ,pbpϑ, ξq � pcf pϕ, ξq � pGpξq @ ξ P Y .

Equivalently, pϑ, ϕq P X�Y is the unique solution to

pA�pϑ, ϕq, pψ, ξq�� dzpψ, ϕq � pFpψq � pGpξq @ pψ, ξq P X�Y,

where pA : pX�Yq � pX�Yq Ñ R is the bilinear form defined by

pA�pϱ, ζq, pψ, ξq� :� papϱ,ψq � pbpψ, ζq � pbpϱ, ξq � pcf pζ, ξq.
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Global fixed-point operatorpT : QÑ Q, pTpzq :� S
�
z, pSpzq� @ z P Q.
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Lemma

Suppose that

f pxq ¤ η @ x P Ω.

Then, there exists a positive constant αpA, depending on κ, η, ρ

and |Ω|, such that

sup
0�pψ,ξqPX�Y

pAppϱ, ζq, pψ, ξqq
}pψ, ξq}X�Y

¥ αpA }pϱ, ζq}X�Y

@ pϱ, ζq P X�Y.
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Sketch of the proof

Prove the well-posedness of the associated problem using Correa &

Gatica4.

We need pcf to be positive semi-definite:

pcf pξ, ξq � »
Ω
pη � f qloomoon |ξ|2 ¥ 0 @ ξ P Y.

Use the assumption!

4
Theorem 3.4. C.I. Correa and G.N. Gatica, On the continuous and discrete well-posedness of perturbed

saddle-point formulations in Banach spaces. Comput. Math. Appl. 117 (2022), 14–23.
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Recall that dzpψ, ζq :�
³
Ω κ

�1 ζ z � ψ. One has

|dzpψ, ζq| ¤ κ�1 }z}0,ρ;Ω }ψ}X }ζ}Y ¤
αpA
2
}ψ}X }ζ}Y,

provided that }z}0,ρ; Ω ¤ 1
2 καpA. Consequently,

sup
0�pψ,ξqPX�Y

pAppϱ, ζq, pψ, ξqq � dzpψ, ζq

}pψ, ξq}X�Y

¥ sup
0�pψ,ξqPX�Y

pAppϱ, ζq, pψ, ξqq
}pψ, ξq}X�Y

�
αpA
2
}ζ}Y

¥
αpA
2
}pϱ, ζq}X�Y,

for all pϱ, ζq P X�Y.
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Well-posedness uncoupled mixed CDR

Theorem

Let δ P
�
0, 12 καpA

�
and suppose that f pxq ¤ η for all x P Ω. Given

z P Q such that }z}0,ρ; Ω ¤ δ, CDR (mixed) has a unique solution

pϑ, ϕq P X�Y and, consequently, pSpzq is well-defined. Moreover,

there exists a positive constant CpS, depending on κ, η, ρ and |Ω|,

such that

}pSpzq}0,s;Ω ¤ }pϑ, ϕq}X�Y ¤ CpS
!
}ϕD}1{2,Γ � }g}0,t;Ω

)
.
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Well-posedness of the continuous fully-mixed problem

Given r P
�
0, δ

�
, with δ :� 1

2 καpA, we define Wprq as the closed

and convex subset of Q given by

Wprq :�
!
z P Q : }z}0,ρ; Ω ¤ r

)
.

Under assumptions of small data,

1. pT maps Wprq into itself.

2. S is Lipschitz.

3. pS is Lipschitz.

4. pT is Lipschitz.

Then, if the data is small enough so that pT is a contraction, we

have the well-posedness of our fully-mixed formulation.
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Discrete setting

Continuous Discrete

Hpdivℓ; Ωq rHσh
LρpΩq Hu

h

Hpdivt ; Ωq Hϑh
LspΩq pHϕh

Define Hσh :� rHσh XH0pdivℓ; Ωq.
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The Galerkin scheme

Find pσh,uhq P Hσh �Hu
h and pϑh, ϕhq P Hϑh �

pHϕh such that

apσh, τ hq � bpτ h,uhq � Fpτ hq @ τ h P Hσh ,

bpσh, vhq � cuhpuh, vhq � Gϕhpvhq @ vh P Hu
h ,papϑh,ψhq �

pbpψh, ϕhq � duhpψh, ϕhq � pFpψhq @ψh P Hϑh ,pbpϑh, ξhq � pcf pϕh, ξhq � pGpξhq @ ξh P pHϕh .
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Specific finite element subspaces

rHσh :�
!
τ h P Hpdivℓ; Ωq : τ h

��
K
P RTkpK q @K P Th

)
,

Hu
h :�

!
vh P LρpΩq : vh

��
K
P PkpK q @K P Th

)
,

Hϑh :�
!
ψh P Hpdivt ; Ωq : ψh

��
K
P RTkpK q @K P Th

)
,

pHϕh :�
!
ξh P LspΩq : ξh

��
K
P PkpK q @K P Th

)
,
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Rates of convergence

Assume that there exists l P p0, k � 1s such that σ P HlpΩq X

H0pdivℓ; Ωq, divpσq P Wl ,ℓpΩq, u P Wl ,ρpΩq, ϑ P HlpΩq, divpϑq P

Wl , tpΩq and ϕ P Wl ,spΩq. Then, there exists a positive constant

C , independent of h, such that

}pσ,uq � pσh,uhq}H�Q � }pϑ, ϕq � pϑh, ϕhq}X�Y

¤ C hl
!
}σ}l ,Ω � }divpσq}l ,ℓ;Ω � }u}l ,ρ;Ω

� }ϑ}l ,Ω � }divpϑq}l ,t; Ω � }ϕ}l ,s;Ω

)
.
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Numerical tests

Post-processing formula for the pressure:

ph � �
1

n
trpσhq �

ν

n
f .

Setting

We set κ � 1, η � 1, and ϕr � 0, and choose the Brinkman,
Darcy, and Forchheimer coefficients as follows:

νpxq � exp

�
�

n¹
i�1

xi

�
, Dpxq � exp

�
�

ņ

i�1

xi

�
,

and Fpxq � exp

�
ņ

i�1

xi

�
,
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First example: 2D with manufactured solutions

Ω � p0, 1q2, ρ � 3, so that ℓ � 3{2, s � 6, and t � 6{5. Take

g � p0,�1qt and adjust the data fpϕq, f , and g so that the exact

solution is given by

upxq �

�
cospπx1q sinpπx2q

sinpπx1q exppx2q

�
, ppxq � cospπx1q sinpπx2q ,

and ϕpxq � 0.1� 0.3 exppx1x2q .

In this example, it is not true that

f pxq ¤ η @ x P Ω.
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First example: 2D with manufactured solutions (k � 0)

Mixed-primal RTk � Pk � Pk�1 � Pk scheme with k � 0

DOF h it epσq rpσq epuq rpuq epϕq rpϕq rh epλq rpλq

914 0.196 4 1.6E+00 – 1.5E-01 – 3.3E-02 – 0.250 1.1E-01 –

2010 0.127 4 1.0E+00 0.966 1.0E-01 0.930 2.2E-02 0.896 0.167 7.0E-02 1.052

5434 0.078 4 6.2E-01 1.063 6.0E-02 1.082 1.3E-02 1.076 0.100 4.1E-02 1.050

17551 0.044 4 3.4E-01 1.064 3.3E-02 1.083 7.0E-03 1.098 0.056 2.2E-02 1.044

60936 0.024 4 1.8E-01 1.054 1.8E-02 1.044 3.7E-03 1.060 0.029 1.2E-02 1.023

227621 0.014 4 9.4E-02 1.108 9.1E-03 1.107 1.9E-03 1.096 0.015 5.9E-03 1.009

Fully-mixed RTk � Pk � RTk � Pk scheme with k � 0

DOF h it epσq rpσq epuq rpuq epϑq rpϑq pepϕq prpϕq
1188 0.196 4 1.6E+00 – 1.5E-01 – 1.7E-01 – 1.8E-02 –

2652 0.127 4 1.0E+00 0.966 1.0E-01 0.930 1.2E-01 0.914 1.4E-02 0.575

7260 0.078 4 6.2E-01 1.063 6.0E-02 1.082 6.7E-02 1.086 8.6E-03 1.003

23661 0.044 4 3.4E-01 1.064 3.3E-02 1.083 3.6E-02 1.104 4.6E-03 1.121

82578 0.024 4 1.8E-01 1.054 1.8E-02 1.044 2.0E-02 1.031 2.6E-03 0.948

309387 0.014 4 9.4E-02 1.108 9.1E-03 1.107 1.0E-02 1.118 1.3E-03 1.132

73



First example: 2D with manufactured solutions (k � 1)

Mixed-primal RTk � Pk � Pk�1 � Pk scheme with k � 1

DOF h it epσq rpσq epuq rpuq epϕq rpϕq rh epλq rpλq

2891 0.196 4 9.3E-02 – 7.2E-03 – 1.1E-03 – 0.250 4.8E-03 –

6427 0.127 4 4.0E-02 1.927 3.2E-03 1.883 4.8E-04 1.986 0.167 2.1E-03 2.013

17531 0.078 4 1.5E-02 2.060 1.2E-03 1.960 1.6E-04 2.210 0.100 7.6E-04 2.025

56983 0.044 4 4.4E-03 2.116 3.7E-04 2.106 4.5E-05 2.275 0.056 2.3E-04 2.006

198563 0.024 4 1.3E-03 2.111 1.0E-04 2.135 1.3E-05 2.158 0.029 6.5E-05 2.003

743263 0.014 4 3.4E-04 2.220 2.8E-05 2.238 3.3E-06 2.270 0.015 1.7E-05 2.002

Fully-mixed RTk � Pk � RTk � Pk scheme with k � 1

DOF h it epσq rpσq epuq rpuq epϑq rpϑq pepϕq prpϕq
3744 0.196 4 9.3E-02 – 7.2E-03 – 1.1E-02 – 5.3E-04 –

8400 0.127 4 4.0E-02 1.927 3.2E-03 1.883 4.8E-03 1.776 2.8E-04 1.446

23088 0.078 4 1.5E-02 2.060 1.2E-03 1.960 1.7E-03 2.082 1.1E-04 1.856

75456 0.044 4 4.4E-03 2.116 3.7E-04 2.106 5.3E-04 2.123 3.3E-05 2.227

263760 0.024 4 1.3E-03 2.111 1.0E-04 2.135 1.5E-04 2.097 1.1E-05 1.908

989088 0.014 4 3.4E-04 2.220 2.8E-05 2.238 4.1E-05 2.229 2.7E-06 2.274
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Second example: 3D with manufactured solutions

Ω � p0, 1q3. Choose ρ � 7{2, whence ℓ � 7{5, s � 14{3, and

t � 14{11. The solution is given by

upxq �

��� sinpπx1q sinpπx2q sinpπx3q

� cospπx1q cospπx2q cospπx3q

cospπx1q cospπx2q sinpπx3q

��
,
ppxq � cospπx1q exppx2 � x3q ,

and ϕpxq � 0.1� 0.3 exppx1x2x3q .

Here, g � p0, 0,�1qt, while the data fpϕq, f , and g are computed

using the solution above.
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Second example: 3D with manufactured solutions (k � 0 Fully-

mixed)

Fully-mixed RTk � Pk � RTk � Pk scheme with k � 0

DOF h it epσq rpσq epuq rpuq epϑq rpϑq epϕq rpϕq

672 0.866 4 1.0E+01 – 3.8E-01 – 5.1E-01 – 6.6E-02 –

4992 0.433 4 5.6E+00 0.887 2.0E-01 0.916 2.7E-01 0.906 3.6E-02 0.880

38400 0.217 4 2.8E+00 0.999 1.0E-01 0.980 1.4E-01 0.974 1.8E-02 0.973

301056 0.108 4 1.4E+00 1.027 5.0E-02 1.001 6.9E-02 0.995 9.2E-03 0.994

585600 0.087 4 1.1E+00 1.022 4.0E-02 1.002 5.6E-02 0.998 7.4E-03 0.998
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Second example: 3D with manufactured solutions (k � 0 Fully-

mixed)

Figure 2: [Example 2] Computed magnitude of the velocity, pressure and

concentration fields, and magnitude of the pseudodiffusion vector.
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Example 3: Fluid flow through a rectangular domain with cir-

cular obstacles

� Ω � p0, 2q � p0, 0.25qzΩc , where Ωc represents circular

obstacles, with boundary Γ � BΩ, where the input and output

parts are defined as Γin � t0u � p0, 0.25q and

Γout � t2u � p0, 0.25q.

� ρ � 4, g � p0,�9.81qt, f � 0, and g � 0.

� The initial conditions for both the velocity and concentration

are taken to be zero.

Denoting uin :� �10 x2px2 � 0.25q
�
1� 0.5 sinp2π t{T q

�
and ϕin :�

5� 0.5 sinp2π tq, the boundary conditions are given by

u � puin, 0q
t on Γin , u � 0 on Γz

�
Γin Y Γout

�
, σn � 0 on Γout ,

ϕ � ϕin on Γin , and ϑ � n � 0 on ΓzΓin ,
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