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The model problem

Q c R", ne {2,3}, bounded domain with polyhedral boundary T.
—div(yVu) + Du + Flul’"?u + Vp = f(¢) in Q,
div(u) = f in Q,
—-kAp +u-Vo+no =g in Q,

u=up and ¢ = ¢p on I,



The model problem

—div(yVu) + Du + Flul”?u + Vp = f(¢) in Q,

div(u) = f in Q,
—kA¢p +u-Vo +n¢p =g in Q,
u=up and ¢ = ¢p on [,

DATA ASSUMPTIONS

v>0,D>0,F>0 pe[3,4], x>0andn>0.

v < v(x) < vy, Dp <D(x) <Dy, and Fy < F(x) < Fyp,

f(¢) = _(¢ - ¢r) g




Figure 1: A completo mojado can be regarded as a highly porous
medium: the sauce constitutes the fluid phase, while its dissolved
ingredients serve as solutes.



COMPATIBILITY CONDITION

JUD-nZJf.
r Q

peli(Q) = {qELZ(Q): J q:O}.
Q




What do we want to do?

BF + CDR

[M ixed-primal formu Iationj [Fu [ly-mixed formu Iation]

What are the advantages and disadvantages of each formulation?



The mixed-primal approach

Introducing the pseudostress tensor o:
o:=vVu—pl in Q.

1 1 1
:>p:——tr(0')+zf and ~od=Vu-—-fIL
n n v n



The mixed-primal approach

Introducing the pseudostress tensor o:
o:=vVu—pl in Q.

1 1 1
:>p:——tr(0')+zf and ~od=Vu-—-fIL
n n v n

Find u, o and ¢ such that:

—div(o) + Du + Flu[’2u = f(¢) in Q
Yot — vu-lr im0

v n
—kAp+u-Vo+nep = g in Q
u=up, ¢ = ¢p on [



Weak formulation

Multiplying by a vector field v and a tensor field 7 in the BF equa-
tions, and integrating by parts in the constitutive equation:

JQV - div(o) —JQDU-V—JQF|U|'0_2U-VZ —Jﬂf(@ VL

14

Bounding the Forchheimer term:

1/¢
[ rrpzadl <m {2}
Q Q

—2
<Ful2l 2 1y lulocoya Vlojia:

J,2 e (1,+00), 1/j+1/t=1

|07j;Q




2
< F1[|2lIg 4p—1), o

[
Q

U FlzfP2u
Q

We require:

|0,p alvlo 0,0:Q

u,v,ze L?(Q).



So far ...
Find u € L”(Q) such that

le - div(o) —fﬂDu-v—JQF|u\p_2u-v= —J;)f(gﬁ) -v VYveL(Q)
Llod :7d +Lu~div(‘r) = (rn,up) — % Lftr(f).

v

10



So far ...
Find u € L”(Q) such that

JQV - div(o) —fﬂDu-v—JQF|u\p_2u-v= —fﬂf(({)) -v VYveL(Q)
Llod :7d +Lu~div(‘r) = (rn,up) — % Lftr(f).

v

[0',7' € H(divy; Q)]
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So far ...
Find u € L”(Q) such that

le - div(o) —fﬂDu-v—JQF|u\p_2u-v= —J;)f(gﬁ) -v VYveL(Q)

L%od :rd +LU~div(-,—) = (Tn,up) — % Lftr(T)

[0', 7 € H(divy; Q)]

Find u € L?(Q) and o € H(divy; Q) such that

Jﬂv~div(o')—LDu-v—JF|u\" 2y jf -v VYveLr(Q),

v

1
J —od: ‘rd+J u-div(T) = (T n,up) ffj ftr(T) Y7 € H(divg; Q).
Q Q nJq

10



Bounding RHS: (recall f(¢) = —(¢ — ¢r) g)

UQ Fg)-v

< (H¢|O,S;Q + Hqsr

0.2 Iv[o,p; 0

<6 = elo, 2, olle

(p—

los:2) Iglo.a [Iv]

0,0; Q>

where s := 2p/(p — 2) € [4,6].

o

Here, is : HY(Q) < L5(Q).

< (il élia + Iclos o) lglog Ivlo,:a

b€ HY(Q)
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So far ...
Find u € LP(Q), o € H(divy; Q) and ¢ € HY(Q) such that

sz~div(o')fL2Du-v7JF|u\p 2y ff -v VveLP(Q),

f 1a'd : Td-‘rJ u-div(T) = (T n,up) — J ftr(T) V7 € H(divg; Q),
Qv n Ja

with data ¢, € L5(Q), up € HY2(') and f € L3(Q).
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Restrict to Hy(divy; )

Recall that. ..
1. Ho(div; Q) i= {7 e H(div; Q) : §, tr(r) =0},
2. H(dng; Q) = Ho(din; Q) @RI

Our unknown o € H(divy; 2) can be decomposed as o = ¢+ d, 1.

Uniqueness condition for the pressure says {,(tr(o) —v ) = 0, then

1 1
dy = Jtra = Jl/f.
a1 Jo T = 71 Ja

We can seek o instead of o!

13



Restrict to Hy(divy; )

Recall that. ..
1. Ho(div; Q) i= {7 e H(div; Q) : §, tr(r) =0},
2. H(dng; Q) = Ho(din; Q) @RI

Our unknown o € H(divy; 2) can be decomposed as o = ¢+ d, 1.

Uniqueness condition for the pressure says {,(tr(o) —v ) = 0, then

1 1
dy = Jtra = Jl/f.
a1 Jo T = 71 Ja

We can seek o instead of o! Notation: o « o

13



Restrict to Hy(divy; )

Moreover . ..

J 1t:rd 3 G +J u-div(T) = (Tn,up) — = J ftr(T) V1 € H(divg; Q)
Q Q n Jo

v
—
1 4 aq . 1 X
—o® 7%+ | u-div(T) = (Tn,up) — — | ftr(r) V1 € Ho(divg; Q)
Qv Q n Jo

14



Find u € L?(Q), o € Hy(div,; Q) and ¢ € HY(Q) such that
JQV - div(o) —jﬂDu-v—fQFMp*Zu-v: —jﬂf((j)) -v YveLP(Q),

j 1a'd 3 G +J u-div(T) = (T n,up) — = J ftr(r) V1 € Hp(divg; Q),
Qv Q n Jo

with data ¢, € L(Q), up € HY2(') and f € L3(Q).

ii5)



What about the convection-diffusion-reaction equation?

CDR: —kAp+u-Vo +nop=g in Q.

Introduce X\ := —k V¢ -n € H Y2(I), test against ¢ € HY(Q),
integrate by parts:

; P _ il
me-va(u-W)wn JQ¢¢+<>\,LZJ>F—L§¢ v e HY(Q),

with the datum g € L2(Q).

16



What about the convection-diffusion-reaction equation?

CDR: —kAp+u-Vo +nop=g in Q.
Introduce X\ := —k V¢ -n € H Y2(I), test against ¢ € HY(Q),
integrate by parts:
w [ voves [ @ vouen [ ovrnwr=[ev  veen(,
Q Q Q Q

with the datum g € L2(Q).

Dirichlet condition is imposed weakly via

& dyr =€ ¢pyr  VEe HTV2(T).

16



BF coupled with CDR — Mixed-primal formulation

Find u € LP(Q), o € Hy(div;;Q), ¢ € HY(Q) and A € H V2(T)

such that
Lv~div(a’)7LDu~v7JF|u\p 2y Jf YveLP(Q),
L%ad crd g Lu.div(r) = (rm,up) - - L Fir(r) Ve Ho(dive: Q),

nf v¢>~w+j(u-w)w+nf ¢w+<A,w>r:jgw Ve HY(Q),
Q Q Q Q

& dpr = <& dpor vee H V2.
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BF coupled with CDR — Mixed-primal formulation

Find (o7,u, ¢, \) € Ho(divy; Q) x LP(Q) x HY(Q) x H~Y2(I') such

that
Lz % ot 4 + fﬂu - div(T) = (Tnup) — % fn ftr(T),
L)v.div(a—) ,fQDu_v,an‘u‘p—zu_v - ,Jnf(é).v_’
w[vovur] @ vorven [ ov +xwr = J e
& Por = <& ¢pors

V (7, v, 1, €) € Ho(div; Q) x LP(Q) x HY(Q) x H~Y2(T).

18



BF coupled with CDR — Mixed-primal formulation

Find (o, u, ¢, \) € Ho(divg; Q) x L?(Q) x HY(Q) x H Y2(T') such

that

lcd s +f u - div(T) = (Tnup)— ! J ftr(T),
Qv Q n JQ
Inv-div(a') —fDu-v—JQF\u\pizu-v = —Jﬂf((j))-v7

&
nonlinear

[ vovut [ Vo v [ ov +x = |ew

Q Q Q Q

linear

& dor = & ¢por,

V(1,v,1, &) € Ho(divy; Q) x LP(Q) x Hl(Q) X Hfl/z(l').
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Some definitions

H := Ho(divy; Q) and Q := L”(Q). For each (z,¢) € O x H}(Q):
a:HxH->Rb:HxQ—>R c;:9xQ >R, F:H—>RandG,:Q —R,

a(x, T) = JQ % x4 74, b(r,v) := sz - div(T),
cz(w,v) = LZ Dw-v + LZ Flz|P 2w - v,
F(7):= (Tn,up) — %L ftr(7T), Gp(v):= fjﬂ f(p) - v,

a, : HY(Q) x HY(Q) —» R, b: H(Q) x H~Y2(I') - R, F: HY(Q) — R and
G:HY2(T) >R,

52(G, ) = LVC-VerL(rVC)ern Lcw,

b(,€) = <& o, F(¥) :=ng and  G(€) := (&, ép)r-

20



BF coupled with CDR — Mixed-primal formulation

Find (o,u) € H x Q and (¢, \) € HY(Q) x H 1/2(T") such that

a(o,7) +b(r,u) =
b(o,v) —cy(u,v) =
au(9,¥) + b(h, ) =
b(,¢) =

F(7)
Gy(v)
F(y)
G(¢)

VTeH,
VveQ,

Ve HY(Q),
Vee H Y2,

21



A fixed-point strategy

Uncoupled BF
S: Q x HY(Q) — Q such that S(z, ) := u where (o,u) e H x Q
denotes the unique solution of

a(o,7)+b(r,u) = F(7) VTeH,
b(o,v) —c,(u,v) = Gy,(v) Vve Q.

Uncoupled CDR

S: Q — HY(Q) such that S(z) := ¢, where
(¢,\) € HY(Q) x H~Y/2(I') is the unique solution of

F(y) VyeHYQ),
G(¢)  VeEe HY(I),

3z(¢7 1/}) + b(d}v )‘)
b(4,¢)

22



Global fixed-point operator
T: O — O defined by

23



Well-posedness of BF

We shall use the next result:

Theorem!

Let H and Q be reflexive Banach spaces, and let a: H x H - R,
b:HxQ —R,and c: Q@ x @ > R be given bounded bilinear forms.
Let V be the kernel of H 37— b(7,-) € Q'. Assume that

1. a and c are symmetric and positive semi-definite.

9
2 3a>0suchthat sup 220 S apgly voev.
0#£TcV ”T”H
b(r, v)

3. 48 > 0 such that sup
oxreH ||T|H

>Blvle  VveQ.

]'Theorem 3.4. C.I. CorRREA AND G.N. GATICA, On the continuous and discrete well-posedness of perturbed
saddle-point formulations in Banach spaces. Comput. Math. Appl. 117 (2022), 14-23.

24



Then, for each (f,g) € H' x Q’, there exists a unique (o, u) € H x Q
solution to

a(o,7) + b(r, u) f(r) VY7TeH,
b(o,v) —c(u,v) = g(v) VveQ.

Moreover, there exists a positive constant C, depending only on |a
«, and (3, such that

el

I, w)llixe < C(If]w + lgler)-

25



Well-posedness of BF

Theorem: Well-posedness of BF (well-definedness of S)

Let 6 > 0. Given (z,¢) € Q x HY(Q) such that |z]o 0 < J, the
uncoupled problem BF has a unique solution (o,u) € H x Q, and,
consequently, S(z, ) is well-defined. Moreover, there exists a
positive constant Cg, depending on 6, p, vp, v1, D1, F1, 5 and |Q],
such that

IS(z, )
< Gs {lupllar +[f

lo.p:0 < [(o,u)|2x0

L + [ x|

lo.2 + glo.a (e

05:9) }-

26



Well-posedness of CDR

Theorem: Well-posedness of CDR (Well-definedness of S)

Let 6 € (0, 5 [is|~* min{x,n}]. Given z € H such that

|z]lo,p; 0 < 8, the uncoupled problem CDR has a unique solution
(¢, \) € HL(Q) x HY/2(I"), and, consequently, S(z) is well-defined.
Furthermore, there exists a positive constant Cg, depending only
on k, 1 and |Q], such that

8@l1.0 < 166 Ml -y < G {

0a + Iéply/2r}-

27



Why the restriction on §7?

28



Why the restriction on §7?

If 5 € (0,5 [lis]| ™ min{r, n}],

&wmo=nww&ﬁjgrvww+nwﬁg

> min{x, n} 0130 - lisl 2o, 14130
1 .
> > minfr,n} [WlEa Ve HYQ).

28



We have established the well-definedness of S and S. Consequently,
T is well-defined.
Next goal: Fixed-point equation
Find u such that
T(u) =u.

29



For each r € (0,6], where 6 := % As

and convex subset of Q

W(r) := {z cQ: |z

min{x, n}, define the closed

07P§Q < r}'

30



For each r € (0, 6], where § := % |is|~* min{x,n}, define the closed

and convex subset of Q

W(r) := {z cQ: |z

07P§Q < r}'

. T maps W(r) into itself (under small data assumption).

. S is Lipschitz in the ball.

1
2

3. S is Lipschitz in the ball.
4. T is Lipschitz in the ball.
5

. If the data is small enough = T is a contraction.

Define

Caata = [up[1/2r + |flo. + lgloa(lézlosa + [épli2r + lglos)-

30



Well-posedness of the continuous problem

Theorem

Let r € (0,8] and assume that the data satisfy

Cr Caata <1 (T maps ball into itself),

Lt Ciata < 1 (T is a contraction).
Then, there exists a unique u € W(r) such that T(u) = u.
Equivalently, our continuous problem has a unique solution
(o, u,¢,\) € H x Q x HY(Q) x H~Y2(I'), with u e W(r).
Moreover, there exist positive constants C; and Cp, depending on
p, Yo, v1, D1, F1, Kk, n, B and ||, such that

I(,u)#x0 < C1 Caata and

(6, Mz @yxii—vary < Ca { I#pl1/2r + lglo.o -

31



Discrete setting

Consider a regular family of triangulations {75}, of Q made up of
triangles K (when n = 2) or tetrahedra K (when n = 3) of diameter
hk, and set h:= max{hx : K € Tp}.

Continuous ‘ Discrete

H(divy; Q) | HZ

LP(Q) HY
H(Q) HY
H-1Y2(I) H)

Define HY := HY ~ Ho(div/; Q).

32



The Galerkin scheme

Find (oh,up) € HY x HY and (¢, Ap) € Hf x H) such that

a(op,7h) +b(Thup) = F(7p) VT,eHY,
b(oh,vh) —cu,(un,v) = Gy, (V) Vv, e Hp,
au,(Bn, Un) + b(n, An) = F(gn)  VeueH],
b(én, &n) = G(&) Vép e HY.

33



Discrete Fixed-point strategy

Discrete uncoupled BF

Sq : HYj x Hf — HY such that S4(zp, ¢n) := up, where
(oh,up) € HY x HY is the unique solution to

a(op, mh) +b(Thup) = F(Tp) VT1,eHT,
b(oh,vh) — €z, (un,va) = Gy, (vh)  Vvs€Hj.

Discrete uncoupled CDR
§d t HY) — H(ﬁ by §d(zh) = ¢p, where (¢p, Ap) € Hf X Hi‘ is the

unique solution to

az,(0n Un) + b An) = F(y) Ve HY,
b(¢n, En) G(&n)  VéneHp,

34



Discrete global fixed-point operator
T4 : HY — H} defined by

Td(Zh) = Sd (Zh, gd(Zh))

VZh € Hz

85



Well-posedness of BF,

Hypotheses on FE spaces

(H.0) HY contains the multiples of the identity tensor I.
(H.1) div(H) < H}.

(H.0) = H? = {Th — (ﬁ e tr(Th)) I: 7€ I[qlg}
Denote V, as the kernel of HY 5 7, — b(74,-) € (H}).

(H.1) = V, cV = discrete inf-sup for a holds.

36



It remains to prove the discrete inf-sup of b.

37



It remains to prove the discrete inf-sup of b.

Another hypothesis
(H.2) There exists a positive constant (34, independent of h, such

that b( )
\"/
sup L > v
OaﬁThEHz' HTthiV[;Q

o, 02 Vvp € Hj.

37



Well-posedness of BF,

Theorem

Let 64 > 0. Assume that (H.0), (H.1) and (H.2) hold. Given
(zn, ¢n) € HY x Hf such that |zx]o,p; 0 < da, BFj has a unique
solution (op,up) € HY x HY. Consequently, Sq(zh, ¢n) is
well-defined, and there exists a positive constant Cgs,, depending
only on d4, p, 1o, v1, D1, F1, B4 and ||, such that

ISa(zn, ¥n)|
< Gs, { luplor + 1]

0,00 < [(@h,up)|l2xo

0.0+ gl 1.0 + [6x

os:2) }-

0,2 (ln]
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Well-posedness of CDR,,

Hypothesis
(H.3) There exists a positive constant Bd, independent of h, such
that b(n, €5)

sup = > By ep]1por V€ H.

0¢¢h€Hf HT/Jh |LQ

39



Well-posedness of CDR,,

Theorem

Let 64 € (0, 3 |is| ! min{x,n}] and assume that (H.3) holds.
Given zj, € HY} such that |zxo, . 0 < da, CDRy, has a unique
solution (¢p, A\p) € Hf X HZ\ and, consequently, §d(¢>h, Ap) is
well-defined. Furthermore, there exists a positive constant ng,

depending only on k, 1, Bd and |Q|, such that

IBa@n) i @yxii-vary < G, {lgllog + Iéplyzr }-
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As in the continuous case, our main goal is to prove that there exists
a unique solution to T4(up) = up.

Let us introduce the discrete ball, depending on a parameter r €
(0,84], where 64 := 1 |lis| =t min{r,n}, as

Wi(r) = {zne Hi . lznloga <}

41



1. T4 maps Wy(r) into itself (under small data assumption).
2. S4 is Lipschitz in the ball.

3.
4
5

Sq is Lipschitz in the ball.

. T4 is Lipschitz in the ball.

. If the data is small enough = T4 is a contraction.

Recall that

Cdata = ”uDHl/Z,r + Hf

0.0 + llglo(I¢:los 2 + lépliy2r + g

09)-

42



Well-posedness of the Galerkin scheme

Theorem

Let r € (0,04] and assume that hypotheses (H.0) through (H.3)
are satisfied. Furthermore, suppose that the data satisfy

C~Td Cdata < r and LTd Cdata < 1.

Then, 3'uy € Wy(r) : Ta(up) = up. Equivalently, the Galerkin
scheme has a unique solution

(O, up, On, Ap) € HE x HY x Hf X Hz with up € Wp(r).
Moreover, there exist positive constants C1 4 and C» 4, depending
only on p, vy, v1, D1, F1, Kk, m, fBa and ||, such that

H(Uhv uh)H'HXQ < Cl,d Cdata and

(@ An)ls@pii-sry < Coa{I60lhyar + |

|O,Q}-

43



A priori error analysis

Under the previous assumptions and supposing that

lupllezr + Iflo.q + [4pllizr + lglo. + [¢zlos o

is small enough, there exists a positive constant Csr up, independent
of h, such that

(o, u) = (oh,un)|rxa + [(D, A) — (&n, An) (@) xi—12(r)
< Csrp {dist (o, u), HY x HY) + dist ((¢, \), HY x Hg)}

44



Specific finite element subspaces

Notation
Given an integer k >0, S c R",

1. Px(S) the space of polynomials of total degree at most k
defined on S.

2. f’k(K) is the space of polynomials of total degree equal to k
defined on K

3. For each K € Th, RTy(K) := Py (K) ® Py (K) x.

Let {I'1,T2,...,m} be an independent triangulation of ' (made of
straight segments in R?, or triangles in R3) and define

h:= max ITjl.
je{lv"'7m}

45



i I
e

lntn Wt W e

T € H(divy; Q) :
Vj € L? Q) :
):
&eL?(N):

(
Ype C(Q

vl € PL(K) VKeT},

Ynlk € Pry1(K) YKe 777},

&ir, € Pull)) Ve {l,...,m}}.

Th|, €RTW(K) VKe 7;},

46



1. (H.0) and (H.1) hold.
2. (H.2) holds?.

3. There exists a positive constant Cp such that for all h < Gy h
the discrete inf-sup for b holds, i.e. (H.3) holds>.

2Lemma 3.3. J. CamaNo, C. MuNoz, AND R. OYARZUA, Numerical analysis of a dual-mixed problem in
non-standard Banach spaces. Electron. Trans. Numer. Anal. 48 (2018), 114-130.

3Lemrna 4.10. E. COLMENARES, G.N. GATICA, AND R. OYARZUA, Analysis of an augmented mixed-primal
formulation for the stationary Boussinesq problem. Numer. Methods Partial Differ. Equ. 32(2), 445-478 (2016)

a7



Rates of convergence

Theorem

Suppose there exists / € (0, k + 1] such that

o € H'(Q) n Hy(divg; Q), div(e) e WH(Q), ue W (Q),

¢ € H(Q) and A € HY/2+/(T"). Then, for all h < Cy h, there
exists a positive constant C, independent of h and h, such that

[(o,u) = (an,un)[1xg + (& A) = (Dn; An) 11 (0) xm-12(r)

< ' {|olig + |div(o)]

res+ lulpa + 910}

+C A X 1245
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The fully-mixed approach

Recall our model problem:

—div(yVu) + Du + Flul’"?u + Vp = f(¢) in Q,
div(u) = f in Q,
—-kA¢p +u-Vo +n¢ =g in Q,

u=up and ¢ = ¢p on I,

49



Introduce: Pseudostress tensor o and

(Pseudodiffusion vector: ¥ := £ V¢ —pu in Q]

Taking divergence to the pseudodiffusion vector and using CDR
equation:

div(9) =kAp—u-Vo—fop=n—Ff)¢p—g
=n¢—g
= div(d)—(n—Ff)op=—-g in Q.

50



Find u, o and ¢ such that:

—div(o) + Du + Flu[’?u

f(¢)

Vu — 1f]I
n

-8

Vé — s~ tou

¢D

0.

in

on

Bl



Integration by parts

(1, +o0] in R2,
For t e (6 ] in B3 there holds
T, 00| In
59 )

€-np) = [ {everodv@) Vi) e H@ivD) <T@

and

(tn,v) = JQ {T : Vv—i—v-div(T)} Y (7,v) € H(dive; Q) x HY(Q).
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div(9) — (n — f)¢
k19 = Vo—klou in Q
Test the constitutive equation of CDR against ¢ € H(div,; Q) and
integrate by parts:

—g in Q,

fm1#w+f¢&ww+fnlm»w=w»m@>
Q Q Q
V1 € H(divy; Q),

Test the momentum equation of CDR against a scalar field &:

ﬁgmww—ﬁyrfws=—kgé
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div(9) — (n — f)¢
k19 = Vo—klou in Q
Test the constitutive equation of CDR against ¢ € H(div,; Q) and
integrate by parts:

—g in Q,

fm1#w+f¢&ww+fnlm»w=w»m@>
Q Q Q
V1 € H(divy; Q),

Test the momentum equation of CDR against a scalar field &:

ﬁgmww—ﬁyrfws=—kgé

[Now Ve was enminated!!!]

53



div(d) — (n = )¢
k19 = Vo —klou in Q

Test the constitutive equation of CDR against ¥ € H(div;; Q) and
integrate by parts:

—g in Q,

J/@_lﬂ-w—l—f ¢div(¢)+f K lpu-ap = (b -n,ép)
Q Q Q
Vp € H(dive; Q),

Test the momentum equation of CDR against a scalar field &:

| cav@ [ m-poc--| ec

[Now V¢ was eliminated!!! = ¢ € L°(Q2) = t conjugate of s]
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div(d) — (n = )¢
k19 = Vo —klou in Q

—g in Q,

Test the constitutive equation of CDR against ¢ € H(div,; Q) and
integrate by parts:

J/{_l'l?-'l,b—i-f ¢div(¢)+f K lpu-ap = (¢ -n,ép)
Q Q Q
Yap € H(dive; Q),

Test the momentum equation of CDR against a scalar field &:

| cav@ [ m-poc--| ec

[s =2p/(p—2) and t=2p/(p+ 2)]
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Summary:

P 4 3 2p
f:ﬁ [3,2], _p— € [4,6]
2 4
and t—i’oe 9,7 ,
p+2 5°3

Define
H = HO(diVZ;Q)> Q:: LP(Q)a
X :=H(div;; Q) and Y :=1°(Q)
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BF coupled with CDR — Fully-mixed formulation

Find (o,u,9,¢) € H x Q x X x Y such that

fn % od . 74 +Lzu-div(7—) =  (Tnup) — % jﬂ ftr(T),

sz-div(o') 7LZDU-V7JQF\U\”_2U-V = 7L7f(¢)-v,
w9+ | ediv(y) +| xTou-p = (p-nép)

Q Q o]

[eav@ [ m-nec e = | ee

V(T7Va¢>£)€/HX QXXXY.
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The bilinear forms 3 : X><X—>R b: XxY >R,
d,: X xY > Rforeachze Q, ¢r: Y x Y — R, and the linear
functionals F : X — R and G Y — R, are defined as

3¢, ) = L K¢, Ba,E) = Lsdivw),

(.9 [ wez - v, w6 [ m-nee,

B(w) = (¥ - n,ép), @@;—Lge
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BF coupled with CDR — Fully-mixed formulation

Find (o,u) € H x Q and (9, $) € X x Y such that
a(o,7) +b(r,u) = F(r) VrTeH,
(0.v) — cu(u, V) = Gy(v) VveQ,
3(0,9) + b1, 8) + du(vp,¢) = F(yp)  VyeX,
b(9,€) — (¢, €) = G veey,
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A fixed-point strategy

Uncoupled mixed CDR
S: 0> Y by §(z) = ¢, where (9, ¢) € X x Y is the unique

solution to

3(9,%) + b(),¢) + dy(t, ) =
b(9, ) — ¢ (6, €)

(¥) VyeX,
(&) VeeY.

(YN

Equivalently, (1, ¢) € X x Y is the unique solution to

R((9,0), (,6)) + dylah, ¢) = F(p) + Q&) V(3,6) eX x Y,

where A : (X xY) x (X xY)— Ris the bilinear form defined by

A((0,C), (1,€)) := 3(e, %) + b(,¢) + b(e, ) — &(¢,€).
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Global fixed-point operator

T:0-9 A
T(z) :=S(z,5(z))

Vze Q.
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Lemma

Suppose that
fx)<n VxeQ.

Then, there exists a positive constant aj, depending on «, 7, p
and |Q|, such that

I (CSHUAS)
04(1,£)eXx Y (%, ) |xxy
V(p,()e X xY.

= OZA\ H(Q7 C)HXXY
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Sketch of the proof

Prove the well-posedness of the associated problem using Correa &
Gatica?.

We need ¢r to be positive semi-definite:

& (6,€) = L (n—fEP>0 VveeY.

/

Use the assumption!

4Theorem 3.4. C.I. CorRREA AND G.N. GATICA, On the continuous and discrete well-posedness of perturbed
saddle-point formulations in Banach spaces. Comput. Math. Appl. 117 (2022), 14-23.
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Recall that dy(e,¢) == {x71 ¢z - . One has

|d2(1, )] < 57" 2lopa [¥]x ¢y < % Il ¢l

provided that ||z]o . o < %naﬁ. Consequently,

wp  A@0.W.9)+d(®.0)
0£(1,£)eXxY H( )HXXY

A(e,0), (%,€)
Z oo oy 1. Olxy

a/\
> 7A (@, O)|xxY,

o
__A
2 el

for all (0,{) e X x Y.
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Well-posedness uncoupled mixed CDR

Theorem
Letd e (0, 5 kag| and suppose that f(x) <7 for all x € Q. Given
z € Q such that ||z]o .0 < 6, CDR (mixed) has a unique solution
(9, 0) € X x Y and, consequently, §(z) is well-defined. Moreover,
there exists a positive constant Cg, depending on &, 0, p and |Q|,
such that

1S@)os0 < |

(9, 0)|xxv < G {
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Well-posedness of the continuous fully-mixed problem

Given r € (0,6], with § :=  kag, we define W(r) as the closed
and convex subset of Q given by

W(r) := {z eQ: |z

000 S f}-

Under assumptions of small data,
1. T maps W(r) into itself.
2. S is Lipschitz.
3. Sis Lipschitz.

4. T is Lipschitz.

Then, if the data is small enough so that Tisa contraction, we
have the well-posedness of our fully-mixed formulation.
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Discrete setting

Continuous ‘ Discrete

H(div;; Q) | HZ

L7 (Q) Hj
H(div¢; Q) HY
L*(Q) Hj)

Define HY := ]ﬁlg N Ho(divy; Q).
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The Galerkin scheme

Find (oh,up) € HY x HY and (94, ¢5) € HY x ICI(,? such that

a(on, h) + b(Th,up) = F(7p) Vr,eHY,
b(ah, vi) — cu, (U, vs) = Gy, (vs) VvheHY,
3(9n,Pn) + b(Wp, @n) + duy (i 08) = F(py) Vb, e HY,
(O, &) — (¢, En) = G(&) Ve e HY .
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Specific finite element subspaces

e .= {T,,eH (div;; Q) : 74|, € RTk(K) VKeT,,},

I
>c
Il

{VhELp : V/-,‘KEP[((K) VKG%}

HY . {fz,bheHdwt Q): |, € RTk(K) VKeTh},

>
i

s
o
Il

{g,,eLSQ: &) € Pi(K) VKeT,,},
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Rates of convergence

Assume that there exists / € (0, k + 1] such that o € H'(Q) n
Ho (divy; Q), div(a) € WH(Q), ue W*(Q), 9 € H(Q), div("9) €
WHE(Q) and ¢ € W/(Q). Then, there exists a positive constant
C, independent of h, such that

|(o,u) = (oh,un) s + [(F,0) — (Fn, d)llxxv
< ' {|oliq +|div(o)

1m0

/,s;Q}-

o0+ u

+ 910 + ||div(9)|

Lea + |9l
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Numerical tests

Post-processing formula for the pressure:

1
pPn = —*tl"(a'h) + Y f.
n n

Setting

We set k =1, n =1, and ¢, = 0, and choose the Brinkman,
Darcy, and Forchheimer coefficients as follows:

= [1a) . 205,

and F(x) = exp (Zn] x,-) ,

i=1
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First example: 2D with manufactured solutions

Q = (0,12, p=3,s0that £ =3/2, s =6, and t = 6/5. Take
g = (0,—1)" and adjust the data f(¢), f, and g so that the exact

solution is given by

)= (Sl ey P

and  ¢(x) = 0.1 + 0.3 exp(x1x2) .

In this example, it is not true that
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First example: 2D with manufactured solutions (k = 0)

Mixed-primal RTy — Px — Pyy1 — Py scheme with k =0

DOF ‘ h ‘ it H e(o) ‘ r(o) ‘ e(u) ‘ r(u) ‘ ‘ r(¢) H h H e(N) ‘ r(\)
914 | 0.196 | 4 1.6E400 = 1.5E-01 = 3.3E—02 = 0.250 || 1.1E-01 -
2010 | 0.127 | 4 1.0E+00 | 0.966 | 1.0E-01 | 0.930 | 2.2E-02 | 0.896 || 0.167 || 7.0E-02 | 1.052
5434 | 0.078 | 4 6.2E-01 | 1.063 | 6.0E-02 | 1.082 | 1.3E-02 | 1.076 || 0.100 || 4.1E-02 | 1.050
17551 | 0.044 | 4 3.4E-01 | 1.064 | 3.3E-02 | 1.083 | 7.0E-03 | 1.098 || 0.056 || 2.2E-02 | 1.044
60936 | 0.024 | 4 1.8E-01 | 1.054 | 1.8E-02 | 1.044 | 3.7E-03 | 1.060 || 0.029 || 1.2E-02 | 1.023
227621 | 0.014 | 4 9.4E-02 | 1.108 | 9.1E-03 | 1.107 | 1.9E-03 | 1.096 || 0.015 || 5.9E-03 | 1.009

Fully-mixed RTyx — Px — RT, — Py scheme with k =0
OF | h [it] eld) [ro) | ew [rw) [ e [ @) [ &) [ 79
1188 [ 0.196 | 4 |[ 1.6E400 | - [ 15E-01 | - [17E-01| - [ 1.8E-02

2652 | 0.127 | 4 || 1.0E4-00 | 0.966 | 1.0E-01 | 0.930 | 1.2E-01 | 0.914 | 1.4E-02 | 0.575
7260 | 0.078 | 4 6.2E-01 | 1.063 | 6.0E-02 | 1.082 | 6.7E-02 | 1.086 | 8.6E-03 | 1.003
23661 | 0.044 | 4 3.4E-01 | 1.064 | 3.3E-02 | 1.083 | 3.6E-02 | 1.104 | 4.6E-03 | 1.121
82578 | 0.024 | 4 1.8E-01 | 1.054 | 1.8E-02 | 1.044 | 2.0E-02 | 1.031 | 2.6E-03 | 0.948
309387 | 0.014 | 4 9.4E-02 | 1.108 | 9.1E-03 | 1.107 | 1.0E-02 | 1.118 | 1.3E-03 | 1.132
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First example: 2D with manufactured solutions (k = 1)

Mixed-primal RTy — Px — Py41 — P scheme with kK =1

p0F | h Jit] e@) [ro) | ew [rw | e@ [ro) [ h [ e |
2891 | 0.196 4 9.3E-02 - 7.2E-03 - 1.1E-03 - 0.250 || 4.8E-03 -
6427 | 0.127 4 4.0E-02 | 1.927 | 3.2E-03 | 1.883 | 4.8E-04 | 1.986 || 0.167 || 2.1E-03 | 2.013
17531 | 0.078 4 1.5E-02 | 2.060 | 1.2E-03 | 1.960 | 1.6E-04 | 2.210 || 0.100 || 7.6E-04 | 2.025
56983 | 0.044 | 4 4.4E-03 | 2.116 | 3.7E-04 | 2.106 | 4.5E-05 | 2.275 || 0.056 || 2.3E-04 | 2.006
198563 | 0.024 | 4 1.3E-03 | 2.111 | 1.0E-04 | 2.135 | 1.3E-05 | 2.158 || 0.029 || 6.5E-05 | 2.003
743263 | 0.014 | 4 3.4E-04 | 2.220 | 2.8E-05 | 2.238 | 3.3E-06 | 2.270 || 0.015 1.7E-05 | 2.002

Fully-mixed RTyx — P, — RT, — Py scheme with k =1
DOF[ h Jit] e@) [ro) ]| ew [rw | e® [ r® | &o) | #e)
3744 [ 0196 | 4 [[93E-02] - [72E-03] - [11E02] - [53E-04] -
4.0E-02 | 1.927 | 3.2E-03 | 1.883 | 4.8E-03 | 1.776 | 2.8E-04 | 1.446

@

8400 | 0.127
23088 | 0.078 1.5E-02 | 2.060 | 1.2E-03 | 1.960 | 1.7E-03 | 2.082 | 1.1E-04 | 1.856
75456 | 0.044 4.4E-03 | 2.116 | 3.7E-04 | 2.106 | 5.3E-04 | 2.123 | 3.3E-05 | 2.227

263760 | 0.024
989088 | 0.014

1.3E-03 | 2.111 | 1.0E-04 | 2.135 | 1.5E-04 | 2.097 | 1.1E-05 | 1.908
3.4E-04 | 2.220 | 2.8E-05 | 2.238 | 4.1E-05 | 2.229 | 2.7E-06 | 2.274

S~ B2
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Second example: 3D with manufactured solutions

Q = (0,1)3. Choose p = 7/2, whence ¢ = 7/5, s = 14/3, and
t = 14/11. The solution is given by

sin(mxy) sin(mxz) sin(7x3)
u(x) = | —cos(mxy) cos(mxz) cos(mxs) |,
cos(mxy) cos(mxa) sin(mwx3)

p(x) = cos(mxy) exp(x2 + x3) ,
and  ¢(x) = 0.1 4+ 0.3 exp(x1x2x3) .
Here, g = (0,0, —1)%, while the data f(¢), f, and g are computed

using the solution above.
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Second example: 3D with manufactured solutions (k = 0 Fully-

mixed)

Fully-mixed RTyx — Px — RT, — Py scheme with k =0

pOF [ h [it] e0) [ro) | e [rw) | e®) [ @) | e [ ro)
672 | 0.866 | 4 1.0E401 - 3.8E-01 - 5.1E-01 - 6.6E-02 -
4992 | 0433 | 4 5.6E400 | 0.887 | 2.0E-01 | 0.916 | 2.7E-01 | 0.906 | 3.6E-02 | 0.880
38400 | 0.217 | 4 2.8E400 | 0.999 | 1.0E-01 | 0.980 | 1.4E-01 | 0.974 | 1.8E-02 | 0.973
301056 | 0.108 | 4 1.4E+00 | 1.027 | 5.0E-02 | 1.001 | 6.9E-02 | 0.995 | 9.2E-03 | 0.994
585600 | 0.087 | 4 1.1E+00 | 1.022 | 4.0E-02 | 1.002 | 5.6E-02 | 0.998 | 7.4E-03 | 0.998
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Second example: 3D with manufactured solutions (k = 0 Fully-
mixed)

0 033 067 1 63 20 24 67 , 04 057 073 09 o 0 033 06 1
[0, | ——— P o - P — - [V, | s -

Figure 2: [Example 2] Computed magnitude of the velocity, pressure and
concentration fields, and magnitude of the pseudodiffusion vector.
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Example 3: Fluid flow through a rectangular domain with cir-

cular obstacles

e O =(0,2) x(0,0.25)\Q2¢, where Q. represents circular
obstacles, with boundary I' = 09, where the input and output
parts are defined as Iy, = {0} x (0,0.25) and
Mous = {2} x (0,0.25).

e p=4,g=(0,-9.81)" f=0,and g =0.

e The initial conditions for both the velocity and concentration
are taken to be zero.

Denoting vy := —10x2(x2 — 0.25)(1 + 0.5sin(27 t/T)) and ¢y, =
5+ 0.5sin(27 t), the boundary conditions are given by

u= (U, 0" on Ty, u=0 on M\(MuUTleu), on=0 on lout,

¢=¢in on Ty, and ¥-n=0 on M\liy,,
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