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Motivation: Risk measures

Conditional Value-at-Risk
Given 8 € (0,1) and a random variable X,

CVaRg(X) := g {7 + 1:3 [(X — 7)+]}



probability

CVaR = conditional expectation in the tail (f = 0.95)
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Conditional Value-at-Risk
Given 3 € (0,1) and a random variable X,

CVaRg(X) := e {7 + 1:3 E[(X — ’M]}

Let us consider the stochastic program nEin] ©(x), where
x€[0,1

plx) = CVaR(g(x,),  with g(x,€) = 1) +Ex,

1—x

and P(¢ =0) = 1. Then, ¢(x) = =5, and, consequently, the minimizer is x* = 1.



Now, for some ¢ € (0,1), we introduce the corrupted random variable &, whose law is
given by p.1 :=P[{. = 0] =1—¢ and p.o := P[{. = 1/¢] = €. Then, assuming that
€ <1— /3, it can be computed

1 1
pe(x) = CVaR(g(x,)) = 5 + 557 %

so the minimizer is x* = 0.



Now, for some ¢ € (0,1), we introduce the corrupted random variable &, whose law is
given by p.1 :=P[{. = 0] =1—¢ and p.o := P[{. = 1/¢] = €. Then, assuming that
€ <1— /3, it can be computed

1 1
pe(x) = CVaR(g(x,)) = 5 + 557 %

so the minimizer is x* = 0.

Although & converges to £ in distribution, the corrupted minimizer never approaches

the minimizer of the uncorrupted problem.



Rockafellians

Definition

For Banach spaces X and Y, a function ¢ : X — R, and a generic optimization problem

mipn w(x),

a bivariate function ® : X x Y — R is called a Rockafellian for the problem, anchored
atyey,if
d(x,y) = p(x) VxeX.
In our example, we can define the corrupted Rockafellian & : [0,1] x R? — R by
0
®.(x,t) ;= CVaRg(g(x,& + T)) + EE It + 2a(p: + t)

where 6. > 0 and A := {(ql, @) e0,1]? : g +aq= 1}.



Let us consider

e (Z,] -|lz) a reflexive Banach space.

(U, | - |lu) an arbitrary Banach space.
e (=, A,P) a probability space whose sample space is equipped with the norm || - |=.
e 7.4 a closed and convex subset of Z.

Assume that = is embedded in a finite-dimensional space.

We are interested in the problem

min fo(2) + CVaRg[(g o 5)(:, 2)],

z€7Z,4

where fy:Z >R, g: U —>R,and s: = x Z — U.



Properties of the solution map s

1. s(-,z) : = — U is A-measurable, for every z € Z.

2. If both & — ¢ in = and zz — zin Z as € | 0, then

s(€e,ze) — s(§,z) in U.

Properties of f; and g
1. fy is proper: fo(z) > —o0 Vz € Z and fy(z) < +oo for some z € Z.

2. Both fy and g are sequentially weakly lower semicontinuous:

s E\ z = I|mi|0nff0(25) > f6(2)7
€

U >y = Iimlgnfg(zg) > g(2).
€



The minimization problem

min fo(z) + CVaRs[(g o 5)(+, 2)]

ZEZad



The minimization problem

min ﬂ)(z) T CVaRB[(g o 5)(.72)]

ZEZad
Augmented problem

L e(z,9) 1= 6(2) + 7+ RE[((g 0 5)(2) =) ]

where k :=1/(1 — ).



The minimization problem

min fo(z) + CVaRs[(g o 5)(+, 2)]

ZEZad
Augmented problem

o min L e(2,7) = (@) -+ KE[((g0s)(2) —7) ]

where k :=1/(1 — ).

Proposition

If Z.q is bounded in Z or fy is coercive, then the augmented problem has a minimizer.



Better notation

Augmented problem
i = f E HZ)—
(zﬁ)?zlgd xR #(2:7) o(z) + 7+~ [((g °s)(52) ’7)+]

o J(z,7):=8(s(-,2) —.

e Fort:= — =, wedefine #(z,v;t) = _#(z,7)otand
A2 )—(/(Z,% ).

o f:ZxR > Rasf(z,7):=fo(z) +17.

Under this notation, the objective functional may be rewritten as

o(z,7) = f(z,7) + kE[ _Z:(2,7)] -
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Suppose that

1. There exists another o-finite measure u defined on (=, .A).
2. P is absolutely continuous with respect to .

Assume that = has finite measure w.r.t. pu.

11



Suppose that

1. There exists another o-finite measure u defined on (=, .A).

2. P is absolutely continuous with respect to .
Assume that = has finite measure w.r.t. pu.

Let p be the Radon—-Nikodym derivative dP/dy and let 7 : L}(Z) — R denote the
integral X — {- X dp.

p(z,7) = f(z,7) + KE[ Z+(z,7)] = ¢(z,7) = f(z,7) + L[ F+(z,7) p]

11



Suppose that

1. There exists another o-finite measure u defined on (=, .A).

2. P is absolutely continuous with respect to .
Assume that = has finite measure w.r.t. pu.

Let p be the Radon—-Nikodym derivative dP/dy and let 7 : L}(Z) — R denote the
integral X — {- X dp.
p(z,7) = £(2,7) + KE[Z4(2,7)] == »(z,7) = f(2,7) + T[ 7+(2,7) p]
Given t : = —> R and t : = — =, we denote the translations
pit)=p+t and w(t)=/+t,
Then,
p(z,7) = f(z,7) + 6 L[ 7+ (z,7:w(0)) p(0)] -

11



p(z,7) = f(z,7) + K[ 7+ (2,7 w(0)) p(0)]
For g € (1,+) and ¢’ € (1, +0),

T:=L9=) and T:=L9(Z3).

Define the Rockafellian ® : Z x R x T x T — R by
f(z,7) + L[ F4(z,viw®)p(t)], if (t,t) = (0,0),

®(z,7;t,t) ;:{ .
400 otherwise ,

which is clearly anchored at (t,t) = (0,0).

12



0-smoothed uncorrupted problem

d-smoothed objective functionals
#’(2,7) = f(2) + I [ Z+6(2,7w(0)) p(0)] -

0-smoothed Rockafellians

(2,7 t,t)
_ { f(z,7) + KZ[ Zes(zmw®) )], if (t,8) =0,
400, otherwise .

13



Smoothed-corrupted problems

Define the space of probability densities

P:z{g:E—ﬂRJr‘geLw(E) and f

o(6) du(€) = 1} |

Notice that p € P.

Let us consider {n:}.~0 < T and {p:}-~0 < P, which represent corruption maps and

corrupted distributions, respectively.

Define p(t) = p +t and we(t) =n-+t, for X :=Z >R, t:=>Randt:= - =,

respectively.

The smoothed-corrupted objective functional reads:
02(z,7) = F(z,7) + K Z[ £+ 5(z,7:we(0)) 0 (0)] -

14



We aim to introduce Rockafellians, prove that the induced minimization problem admits
a solution, derive the corresponding optimality conditions, and relate the solutions of the

corrupted Rockafellian problem with those of the uncorrupted one through weak-strong
[-convergence.
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Rockafellians

Assume that there exists a reflexive Banach space W consisting of functions = — R
such that W is compactly embedded into L9(=).

Likewise, let W be a reflexive Banach space of functions = — = such that W is compactly
embedded into LY (Z; Z).
Define

T, := W®span{p.} and T.:=W@span{/,n.}.

We consider a function H : T x T — R that is weakly lower semicontinuous, coercive,
satisfies (0,0) = 0, and enjoys the following property: if H(tk,tx) %, 0, then
(tk,tk) BLIN (0,0) strongly.

Furthermore, we introduce a sequence (6:)c~0 < R of penalty parameters that satisfies
B =0 4w

16



Rockafellians

Recall that
0l(z,7) = f(2,7) + K I[ F+,6(2,7:w(0)) =(0)] -
The Rockafellians associated with ¢ are defined as ®2 : Z x R x T x T — R,
®2(z, 7 t,t) = £(2,7) + KI[ L 5(2, 7 we (1) pe(t)]
+ 95 %(t, t) + ZTsﬂ(P—ps)(t) + T, (t) o

Assume that 1/q + 1/q' = 1 and that there is a function g : [0, +o0) — [0, +00) such
that

((gos)(& 2)| < ellzlz) I€l= V(E,2) e = x 2.

Then, the integral term in ®? is finite.
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Existence of a solution

Theorem
Fix € > 0 and § > 0. Assume that fy is coercive or Z.q is bounded. Then, there exists

(25,7565 t°) € Zag x R x Te x T¢
such that

OUZ*, 7 5, 1) S Doz, t,t) YV (z,7,t,t) € Zag x Rx T x T.

18



Proof of the existence result

Recall that
(2,7 t,t) = F(2,7) + KI[ Z+ 5(2, 7 we(t)) e (t)]
+ 0. Ht, t) + ZTEm(p_pg)(t) + o, (t).

Define the auxiliary functional CTJ‘g :Z xR x T, x T. - R given by
5?(277;‘57':) = (Dg|ZXR><Ts><Te(Za’7;tvt) + ZZad(z) )

If ®% admits a minimizer, then any such minimizer is also a minimizer of ®J.
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Proof of the existence result: ! is s.w.l.s.

First step: <T>‘g is sequentially weakly lower semicontinuous.

Consider sequences {Zp}nen € Z, {Vntnen € R, {tn}nen © Te and {tp}peny < To
converging weakly to z€ Z, ve R, t € T, and t € T, respectively.

e Case 1: If (zp,tn)nen does not have a subsequence contained in Z.q x (P — p.).
We are done!

e Case 2: There exists a (not relabeled) subsequence such that z, € Z,q and p. +t, €
P, for all n € N. We may assume that the limit inferior is attained along this

subsequence.
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Since t, — t in T. = W @ span{p.} <> LI(Z) ® span{p.}, then

n’ —o0o

ps(ﬁ) + tn’(i) = v Pe(f) + t(f) forae. {e=.
—_ —_———
=pc(ty) =pc(t)
Similarly,
n’ —o0

1e(€) + tw(§) —— n:(§) +(§) forae fe=,

which combined with the fact that z, — z in Z and the assumption on s,

5(778(6) + tn’(&)vzn’) - 5(775(5) + t(é)az) in U? for a.e. §E =

Since g is s.w.l.s., the above convergence implies that

liminf ((g05)(n:(6) + tw(€).2) ) > (g0 5)(n:(8) + £(6), 2)

n' —wo

forae €=
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Using that v,y — 7 in R, the monotonicity and continuity of (), 5, and the foregoing
inequality, we arrive at

liminf (74 5(Zn, Yo we(tw))) (€) = (I 6(2, 71 we(1))(€) ae in =.

n’—o0
Since p:(ty) — p<(t) pointwise in = and they are non-negative,

liminf 74 5(zw, Vi we(t)) pe(tn) = 24 6(2,7iwe(t)) pe(t) ae in =.

n’—oo

By Fatou's Lemma,

lim inf I(f+6(zn’>7n’ we(t n’)) 0= (tn )) = I(er,é(za'Y; ws(t)) @e(t))-

n'—wo
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Recalling that fy and H are w.l.s.

liminf 5g(zn,fy,,;tn,t,,) = liminf $g(zn/,'ynr;tn/,tn/) P CTDS(Z,'y;t,t)
n—0 n’—w

Therefore, &g is s.w.l.s.

Second step: 5; is coercive.

It follows from the fact that # is coercive, and that f is coercive or Z,q is bounded.
Conclusion!

Since Z x R x T, x T, is a reflexive Banach space, ®} is s.w.l.s. and coercive, we are
able to use the Weierstrass minimization theorem to conclude.

O
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Optimality conditions

Let (22,72 tX,t%) € Zaa x R x Te n (P — p.) x T. be an optimal solution of the Rockafellian
problem, and set \f 1= (we(t%),z¥). Then,

1. For all z € Z,q,
(R Tlpe(t2) As (7 (22,721 w=(82))) Drs(A)" Dg(s(A))] + DAo(z2) , 2 = 22y 2 0.

2. It holds 1
T (t2) As (7 (22,2 we €)= -

3. Forallte T. n (P —p.),
<¢95Dt’H, 5 E)+nz[/+o(g,%,ws ]t—t>
4. Forallte T,

(R pe(62) As(F (22,725 e (£2))) Dis(X2)* Di((A)| + 0 DF(e2, £2),t — £ ) > 0.

24



Weak-strong [-convergence

Let X and Y be Banach spaces. Consider a map ¢ : X x Y — R and a sequence (¢.)
of maps from X x Y to R.

Definition
The sequence (¢.). weak-strong I'-converges to ¢, denoted by ¢. L ¢, if the following
conditions hold:

1. For all (x,y) € X x Y, there exists a sequence (x., ¥z )e=0 in X x Y converging

strongly to (x,y) such that

IimlSOUP (z)E(XanE) < ¢(X7y) :
e

2. For all sequences x. — x € X and y. — y € Y/, there holds

[im inf = ) -
nglbn Pe(Xe, ye) = O(x,y) 25



Proposition
Let (xX,y2)e be a sequence in X x Y with (x¥,y) € argmin ¢.(x,y). Assume that

]

oR L ¢, xf —x*and y - y*ase | 0. Then, (x*,y*) € argmin ¢(x, y).

Theorem (Weak-strong -convergence)

Let p e P n T, for all € > 0 and consider corruptions (p:)c=0 and (7:)c>0 such that
p- € PnT.and n. € T nT,, for each € > 0. Assume that

lim 6. = o0,
el0

and
lim 6. H(p — pe,ne — 1) =0.
el0

Then, ®2 L ¢% as ¢ | 0.
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Thanks!!!

With the GMU crew
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How to deal with the positive part in the CVaR?

Let ( : R — R be a function satisfying

1. ( is continuous and bounded on the real line.

2. ( is nonnegative and i ((x) dx = 1.

w

R )X dx < +c0.
. Either {5 ((x)x dx < OorS x)|x| dx = 0.
5. The set {x e R : ((x) > 0} is connected.

o

We define a net of smoothings of the positive part (-), s : R — R, given by

(X)46 1= J_XOO As(T) dT, where As(T):= LTOO %C (%) do

for all 6 > 0.
28



