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Motivation: Risk measures

Conditional Value-at-Risk

Given β P p0, 1q and a random variable X ,

CVaRβpX q :� inf
γPR

"
γ �

1

1� β
E
�
pX � γq�

�*
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Motivation

Conditional Value-at-Risk

Given β P p0, 1q and a random variable X ,

CVaRβpX q :� inf
γPR

"
γ �

1

1� β
E
�
pX � γq�

�*

Let us consider the stochastic program min
xPr0,1s

φpxq, where

φpxq :� CVaRβpgpx , �qq , with gpx , ξq :�
1� x

2
� ξ x ,

and Ppξ � 0q � 1. Then, φpxq � 1�x
2 , and, consequently, the minimizer is x� � 1.
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Now, for some ε P p0, 1q, we introduce the corrupted random variable ξε, whose law is

given by pε,1 :� Prξε � 0s � 1 � ε and pε,2 :� Prξε � 1{εs � ε. Then, assuming that

ε   1� β, it can be computed

φεpxq � CVaRβpgpx , ξεqq �
1

2
�

1� β

2p1� βq
x ,

so the minimizer is x�ε � 0.

Although ξε converges to ξ in distribution, the corrupted minimizer never approaches

the minimizer of the uncorrupted problem.
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Rockafellians

Definition

For Banach spaces X and Y , a function φ : X Ñ R, and a generic optimization problem

min
xPX

φpxq ,

a bivariate function Φ : X � Y Ñ R is called a Rockafellian for the problem, anchored

at y P Y , if

Φpx , yq � φpxq @ x P X .

In our example, we can define the corrupted Rockafellian Φε : r0, 1s � R2 Ñ R by

Φεpx , tq :� CVaRβpgpx , ξε � T qq �
θε
2
}t}22 � ı∆ppε � tq

where θε ¡ 0 and ∆ :�
 
pq1, q2q P r0, 1s

2 : q1 � q2 � 1
(
.
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Let us consider

� pZ, } � }Zq a reflexive Banach space.

� pU, } � }Uq an arbitrary Banach space.

� pΞ,A,Pq a probability space whose sample space is equipped with the norm } � }Ξ.

� Zad a closed and convex subset of Z.

Assume that Ξ is embedded in a finite-dimensional space.

We are interested in the problem

min
zPZad

f0pzq � CVaRβrpg � sqp�, zqs ,

where f0 : ZÑ R, g : UÑ R, and s : Ξ� ZÑ U.
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Properties of the solution map s

1. sp�, zq : ΞÑ U is A-measurable, for every z P Z.

2. If both ξε Ñ ξ in Ξ and zε á z in Z as ε Ó 0, then

spξε, zεq á spξ, zq in U .

Properties of f0 and g

1. f0 is proper: f0pzq ¡ �8 @ z P Z and f0pzq   �8 for some z P Z.

2. Both f0 and g are sequentially weakly lower semicontinuous:

zε
Z
á z ùñ lim inf

εÓ0
f0pzεq ¥ f0pzq ,

uε
U
á u ùñ lim inf

εÓ0
gpzεq ¥ gpzq .
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The minimization problem

min
zPZad

f0pzq � CVaRβrpg � sqp�, zqs

Augmented problem

min
pz,γqPZad�R

φpz , γq :� f0pzq � γ � κE
��
pg � sqp�, zq � γ

�
�

�
,

where κ :� 1{p1� βq.

Proposition

If Zad is bounded in Z or f0 is coercive, then the augmented problem has a minimizer.
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Better notation

Augmented problem

min
pz,γqPZad�R

φpz , γq :� f0pzq � γ � κE
��
pg � sqp�, zq � γ

�
�

�
� J pz , γq :� gpsp�, zqq � γ.

� For t : ΞÑ Ξ, we define J pz , γ; tq � J pz , γq � t and

J�pz , γ; tq � pJ pz , γ; tqq�.

� f : Z� RÑ R as f pz , γq :� f0pzq � γ.

Under this notation, the objective functional may be rewritten as

φpz , γq � f pz , γq � κErJ�pz , γqs .
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Suppose that

1. There exists another σ-finite measure µ defined on pΞ,Aq.
2. P is absolutely continuous with respect to µ.

Assume that Ξ has finite measure w.r.t. µ.

Let ρ be the Radon–Nikodym derivative dP{dµ and let I : L1pΞq Ñ R denote the

integral X ÞÑ
³
Ξ X dµ.

φpz , γq � f pz , γq � κErJ�pz , γqs ðñ φpz , γq � f pz , γq � κ I rJ�pz , γq ρs

Given t : ΞÑ R and t : ΞÑ Ξ, we denote the translations

℘ptq � ρ� t and ωptq � I � t ,

Then,

φpz , γq � f pz , γq � κ I
�
J�

�
z , γ;ωp0q

�
℘p0q

�
.
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φpz , γq � f pz , γq � κ I
�
J�

�
z , γ;ωp0q

�
℘p0q

�
For q P p1,�8q and q1 P p1,�8q,

T :� LqpΞq and T :� Lq1

pΞ;Ξq .

Define the Rockafellian Φ : Z� R� T� TÑ R by

Φpz , γ; t, tq :�

#
f pz , γq � κ I

�
J�

�
z , γ;ωptq

�
℘ptq

�
, if pt, tq � p0, 0q ,

�8 otherwise ,

which is clearly anchored at pt, tq � p0, 0q.
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δ-smoothed uncorrupted problem

δ-smoothed objective functionals

φδpz , γq � f pzq � κ I
�
J�,δ

�
z , γ;ωp0q

�
℘p0q

�
.

δ-smoothed Rockafellians

Φδpz , γ; t, tq

:�

#
f pz , γq � κ I

�
J�,δ

�
z , γ;ωptq

�
℘ptq

�
, if pt, tq � 0 ,

�8 , otherwise .
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Smoothed-corrupted problems

Define the space of probability densities

P :�

"
ϱ : ΞÑ R�

��� ϱ P L8pΞq and

»
Ξ
ϱpξq dµpξq � 1

*
.

Notice that ρ P P.

Let us consider tηεuε¡0 � T and tρεuε¡0 � P, which represent corruption maps and

corrupted distributions, respectively.

Define ℘εptq � ρε � t and ωεptq � ηε � t, for X : Ξ Ñ R, t : Ξ Ñ R and t : Ξ Ñ Ξ,

respectively.

The smoothed-corrupted objective functional reads:

φδ
εpz , γq � f pz , γq � κ I

�
J�,δpz , γ;ωεp0qq℘εp0q

�
.
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We aim to introduce Rockafellians, prove that the induced minimization problem admits

a solution, derive the corresponding optimality conditions, and relate the solutions of the

corrupted Rockafellian problem with those of the uncorrupted one through weak-strong

Γ-convergence.
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Rockafellians

Assume that there exists a reflexive Banach space W consisting of functions Ξ Ñ R
such that W is compactly embedded into LqpΞq.

Likewise, letW be a reflexive Banach space of functions ΞÑ Ξ such thatW is compactly

embedded into Lq1

pΞ;Ξq.

Define

Tε :�W ` spantρεu and Tε :�W ` spantI , ηεu .

We consider a function H : T� T Ñ R that is weakly lower semicontinuous, coercive,

satisfies Hp0, 0q � 0, and enjoys the following property: if Hptk , tkq
k
ÝÝÑ 0, then

ptk , tkq
k
ÝÝÑ p0, 0q strongly.

Furthermore, we introduce a sequence pθεqε¡0 � R� of penalty parameters that satisfies

θε
εÑ0
ÝÝÝÑ �8.
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Rockafellians

Recall that

φδ
εpz , γq � f pz , γq � κ I

�
J�,δpz , γ;ωεp0qq℘εp0q

�
.

The Rockafellians associated with φδ
ε are defined as Φδ

ε : Z� R� T� TÑ R,

Φδ
εpz , γ; t, tq � f pz , γq � κ IrJ�,δpz , γ;ωεptqq℘εptqs

� θεHpt, tq � ıTεXpP�ρεqptq � ıTεptq .

Assume that 1{q � 1{q1 � 1 and that there is a function ϱ : r0,�8q Ñ r0,�8q such

that ��pg � sqpξ, zq�� ¤ ϱp}z}Zq }ξ}Ξ @pξ, zq P Ξ� Z .

Then, the integral term in Φδ
ε is finite.
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Existence of a solution

Theorem

Fix ε ¡ 0 and δ ¡ 0. Assume that f0 is coercive or Zad is bounded. Then, there exists

pz�, γ�; t�, t�q P Zad � R� Tε � Tε

such that

Φδ
εpz

�, γ�; t�, t�q ¤ Φδ
εpz , γ; t, tq @ pz , γ, t, tq P Zad � R� T� T .
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Proof of the existence result

Recall that
Φδ
εpz , γ; t, tq � f pz , γq � κ IrJ�,δpz , γ;ωεptqq℘εptqs

� θεHpt, tq � ıTεXpP�ρεqptq � ıTεptq .

Define the auxiliary functional rΦδ
ε : Z� R� Tε � Tε Ñ R given by

rΦδ
εpz , γ; t, tq :� Φδ

ε|Z�R�Tε�Tεpz , γ; t, tq � ıZad
pzq ,

If rΦδ
ε admits a minimizer, then any such minimizer is also a minimizer of Φδ

ε.
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Proof of the existence result: rΦδ
ε is s.w.l.s.

First step: rΦδ
ε is sequentially weakly lower semicontinuous.

Consider sequences tznunPN � Z, tγnunPN � R, ttnunPN � Tε and ttnunPN � Tε

converging weakly to z P Z, γ P R, t P Tε and t P Tε, respectively.

� Case 1: If pzn, tnqnPN does not have a subsequence contained in Zad � pP � ρεq.

We are done!

� Case 2: There exists a (not relabeled) subsequence such that zn P Zad and ρε�tn P

P, for all n P N. We may assume that the limit inferior is attained along this

subsequence.
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Since tn á t in Tε �W ` spantρεu
c
ãÑ LqpΞq ` spantρεu, then

ρεpξq � tn1pξqlooooooomooooooon
�℘εptn1 q

n1Ñ8
ÝÝÝÝÑ ρεpξq � tpξqlooooomooooon

�℘εptq

for a.e. ξ P Ξ .

Similarly,

ηεpξq � tn1pξq
n1Ñ8
ÝÝÝÝÑ ηεpξq � tpξq for a.e. ξ P Ξ ,

which combined with the fact that zn á z in Z and the assumption on s,

spηεpξq � tn1pξq, zn1q á spηεpξq � tpξq, zq in U , for a.e. ξ P Ξ .

Since g is s.w.l.s., the above convergence implies that

lim inf
n1Ñ8

�
pg � sqpηεpξq � tn1pξq, zn1q

	
¥ pg � sqpηεpξq � tpξq, zq

for a.e. ξ P Ξ.
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Using that γn1 Ñ γ in R, the monotonicity and continuity of p � q�,δ, and the foregoing

inequality, we arrive at

lim inf
n1Ñ8

�
J�,δpzn1 , γn1 ;ωεptn1qq

�
pξq ¥

�
J�,δpz , γ;ωεptqq

�
pξq a.e. in Ξ .

Since ℘εptn1q Ñ ℘εptq pointwise in Ξ and they are non-negative,

lim inf
n1Ñ8

J�,δpzn1 , γn1 ;ωεptn1qq℘εptn1q ¥ J�,δpz , γ;ωεptqq℘εptq a.e. in Ξ .

By Fatou’s Lemma,

lim inf
n1Ñ8

I
�
J�,δ

�
zn1 , γn1 ;ωεptn1q

�
℘εptn1q

�
¥ I

�
J�,δ

�
z , γ;ωεptq

�
℘εptq

�
.
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Recalling that f0 and H are w.l.s.

lim inf
nÑ8

rΦδ
εpzn, γn; tn, tnq � lim inf

n1Ñ8

rΦδ
εpzn1 , γn1 ; tn1 , tn1q ¥ rΦδ

εpz , γ; t, tq

Therefore, rΦδ
ε is s.w.l.s.

Second step: rΦ�
ε is coercive.

It follows from the fact that H is coercive, and that f is coercive or Zad is bounded.

Conclusion!

Since Z� R� Tε � Tε is a reflexive Banach space, rΦ�
ε is s.w.l.s. and coercive, we are

able to use the Weierstrass minimization theorem to conclude.

l
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Optimality conditions

Let
�
z�ε , γ

�

ε ; t
�

ε, t
�

ε

�
P Zad � R� Tε X pP� ρεq � Tε be an optimal solution of the Rockafellian

problem, and set λ�ε :� pωεpt�εq, z
�

ε q. Then,

1. For all z P Zad,A
κ I

�
℘εpt

�

ε qAδ

�
J pz�ε , γ

�

ε ;ωεpt
�

εqq
�
Dzspλ

�

εq
�Dgpspλ�εqq

�
� Df0pz

�

ε q , z � z�ε

E
¥ 0 .

2. It holds

I
�
℘εpt

�

εqAδ

�
J pz�ε , γ

�

ε ;ωεpt
�

εqq
��
�

1

κ
.

3. For all t P Tε X pP� ρεq,A
θε DtHpt�ε, t�εq � κ I

�
J�,δpz

�

ε , γ
�

ε ;ωεpt
�

εqq I
�
, t� t�ε

E
¥ 0 .

4. For all t P Tε,A
κ I

�
℘εpt

�

εqAδ

�
J pz�ε , γ

�

ε ;ωεpt
�

εqq
�
Dtspλ

�

εq
�Dgpspλ�εq

�
� θε DtHpt�ε, t�εq, t� t�ε

E
¥ 0 .
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Weak-strong Γ-convergence

Let X and Y be Banach spaces. Consider a map ϕ : X �Y Ñ R and a sequence pϕεqε

of maps from X � Y to R.

Definition

The sequence pϕεqε weak-strong Γ-converges to ϕ, denoted by ϕε
Γ
ã ϕ, if the following

conditions hold:

1. For all px , yq P X � Y , there exists a sequence pxε, yεqε¡0 in X � Y converging

strongly to px , yq such that

lim sup
εÓ0

ϕεpxε, yεq ¤ ϕpx , yq .

2. For all sequences xε á x P X and yε Ñ y P Y , there holds

lim inf
εÓ0

ϕεpxε, yεq ¥ ϕpx , yq .
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Proposition

Let px�ε , y
�
ε qε be a sequence in X � Y with px�ε , y

�
ε q P argminϕεpx , yq. Assume that

ϕε
Γ
ã ϕ, x�ε á x� and y�ε Ñ y� as ε Ó 0. Then, px�, y�q P argminϕpx , yq.

Theorem (Weak-strong Γ-convergence)

Let ρ P PX Tε for all ε ¡ 0 and consider corruptions pρεqε¡0 and pηεqε¡0 such that

ρε P PX Tε and ηε P TX Tε, for each ε ¡ 0. Assume that

lim
εÓ0

θε � �8 ,

and

lim
εÓ0

θεHpρ� ρε, ηε � I q � 0 .

Then, Φδ
ε

Γ
ã Φδ as ε Ó 0.

26



Thanks!!!

With the GMU crew
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How to deal with the positive part in the CVaR?

Let ζ : RÑ R be a function satisfying

1. ζ is continuous and bounded on the real line.

2. ζ is nonnegative and
³
R ζpxq dx � 1.

3.
³
R ζpxq|x | dx   �8.

4. Either
³
R ζpxqx dx ¤ 0 or

³0
�8 ζpxq|x | dx � 0.

5. The set tx P R : ζpxq ¡ 0u is connected.

We define a net of smoothings of the positive part p � q�,δ : RÑ R, given by

pxq�,δ :�

» x

�8
Aδpτq dτ, where Aδpτq :�

» τ

�8

1

δ
ζ
�σ
δ

	
dσ ,

for all δ ¡ 0.

28


